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ARSTRACT

The work performed under Contract AF 49(638)-1244 falls
into four tasks: (1) single-laver models; (2) multilayer models; (3) models
with layer thickness variation; and (4) experimental studies using field data.

The single-layer studies included theoretical investigation of
normal and leaking modes, studies of the practical aspects of frequency-
wavenumber analysis and investigation of mode separatior by multichannel
filtering, The importance of leaking modes has been well-established and
their use for interpretation greatly enhanced by mode separation to obtain
detailed dispersion curves,

Theoretical and analog model investigations for two layers over
a half-space showed the difficulty in directly observing an intermediate
velocity layer using frequencies cf 0,5 cps or less. However, such a layer
implicitly affects the dispersion curves for low-order modes. Direct
evidence (refractions, plateaus in the dispersion curves) becomes important
near 1.0 cps.

Analog model investigations of a mocel having a dipping M~
discontinuity showed a wide range of phase velocities for ray events, as
predicted. The true refraction velocity was measured using phase velocity
differences and was found to be in agreement with known values, Measure-
ment of leaking-mode dispersion curves at various points in the model
showed the utility of the ''local' dispersion representation, These curves
may be used to measure average dip.

Experimental studies of field data showed the usefulness of
velocity filtering as an interpretive aid, Correlation statistics for small
events showed that only about 50 percent of the energy arriving between
the first arrival and surface waves is predictable, For events at small
distance (4 < 30 km), Rayleigh-mode dispersion curves were measured,
These suggested low near -surface velocities extending to a depth of 1/2-km,
It was found that receiving arrays inline with the shot are necessary for
adequate dispersion measurements,
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SECTION I
SUMMARY

The work performed under the present contract was divided
int. four tasks, These are defined as follows:

e Task 1: Develop and demonstrate a quantitative
understanding of the seismic arrivals for
propagation in a simple low-velocity layer
over a half-space

e Task 2: Develop and demonstrate a quantitative
understanding of the seismic arrivals for
propagation in simple multilayered models of
the earth's crust

» Task 3: Develop an understanding of the effects
of crustal thickness variation on the properties of
the seismograms

e Task 4: Utilize actual data from the three station
network of arrays in an attempt to separate and
identify later arrivals and the higher-order
modes propagating from earthquakes and explosions
in the general range of ! to 1000 km

The bulk of the technical effort was expended on Task 1 and
4 because the performance of Tasks 2 and 3 depended on theoretical results
and computer programs developed under Task 1. Also, in addition to its
intrinsic importance, Task 4 was closely related to Task 3, Res 1lts of
the various studies will be discussed in the following paragraphs.

A, TASK 1

A single-layer 2-dimensional analog model with a 2-cm
brass layer overlying a steel half-space was constructed, Seismograms
obtained in digital form for this model are shown in Figures 11,1 and 11,2
of Appendix A, These seismograms clearly indicate the dominance of the
fundamental Rayleigh mode and the shear modes and show observable
early-arriving leaking modes, Theoretical studies using the elastic
parameters of this model also show the importance of the leaking modes.
The fundamental difficulty associated with theoretical studies of leaking
modes is their mathematical representation by complex poles on a many-
sheeted Riemann surface., There are several ways to implement this
representation, but we have chosen to keep frequency a real variable while
letting wavenumber assume complex values. The fact that the pole is



complex implies attenuation, and this particular representation focuses
attention on attenuation (of a single frequency) wi< distance. Typical
theoretical attenuation curves are shown in Figure 3.2 of Appendix A,

"he net result of attenuation is a frequency-dependent loss of energy into
the half-space. A comparison of the power spectra of the leaking and
normal modes is shown in Figure 5.5 of Appendix A for a source-receiver
distance of 50 cm (25 times the layer thickness), For this distance, the
leaking modes are not negligible compared to the normal modes, but
attenuation causes their spectra to be sharply peaked in frequency.

A concept which has great importance in regard to modal
propagation is the transfer function, A linear filter which operates on a
given mode at one distance to produce the same mode a unit distance
farther irom the source can be determined, This transfer function has
uniform unit amplitude in frequency (for normal modes) and a phase shift

dependent on the dispersion characieristics of the mode., Typical examples

of such inctions are shown in Figure 6.2 of Appendix A. The transfer
function is useful even in materials with varying layer thickness since it
depends on the local structure between the two receivers but is relatively
independent of complications hetween the source and near receiver,
Finally, one might note that experimental dispersion measurements are
really basa2d on estimating the transfer function or its complex frequency
spectrum,

Another phase of the theoretical single-layer studies was the
computation of single-mode seismograms, Since all the modes axcept the
fundamental Rayleigh mode have low-frequency cutoff points (and also
high-frequency cutoff points in the case of leaking modes), it is found that
the individual modes are not physically realizable but instead have nonvanis
ing motion before time zero, Only the sum of all the modes, plus the two
branch line integrals, is required to be realizable as it represents the
complete solution, The sum of the theoretical modes, when properly
bandlimited (Appendix A Figures 10,1 and 10, 2), are quite similar to the
experimental seismograms,

The presence of more than one mode in the experimental
seismograms complicates the interpretation, Frequency-wavenumber
spectral analysis is one promising technique for determining the modal
characteristics and measuring the relative excitation of the various modes.,
In theory, this technique yields the 2-dimensional power spectrum of the
seismic d'sturbance, but numerous difficulties arise in practice. The
chief problems result from the use of a finite~length spatial array. This
gives rise to sidelobes whereby a strong spectral peik can corrupt the
spectral estimate in other fegions of the frequency-wavenumber plane,

In the estimation of spectra of transient signals, another difficulty arises
because of spatial nonstationarity, It is found that the chief expression of
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the higher modes of propagaiion arises from their crosscorrelation with

the Rayleigh mode. This information is difficult to interpret, however, and
it is more desirable to average over an ensemble of correlations to eliminate
nonstationarity., This gives a more reasonable spectral estimate but less
indications of t! » higher modes (Appendix B, Figures 9 and 10), Use of a
space-lag window such as the Bartlett window gives the strongest but least
precise estimate of the higher inodes (Appendix B, Figure 11). In general,
it is found that frequency-wavenurmnber analysis yields the general loc:.tion

of the various modes but cannot give precise dispersion curves,

A more sophisticated method for estimating dispersion curves
uses multichannel filter techniques to first s:parate the modes, Filter
srstems were designed on the basis of crude ¢¢ “relation statistics (time
domain) or crosspower spectra (frequency domain) of the various modes.
These may be obtained either theoretically or indirectly from frequency-
wavenumber spectra of Appendix B, Figure 18 of Appendix C shows the
wavenumber response at two frequencies for a typical filter system which
was designed to pass the M1 shear mode while suppressing all others,

The filter systems were applied to both theoretical and experimental
seismograms from the single-layer model. Results are shown in Appendix C,
Figures 19 through 28, In general, filter systems designed in the time domain
were found to be slightly better than those designed in the frequency domain,
probably because of the transient behavior of the former filters, Each mode
was estimated at two output distances, The dispersion curves could then

be measured from the phase of the crosspower spectra between these two
distances. In Appendix C, results for the theoretical seicmograms are

shown in Figure 37 and for experimental seismograms in Figure 38, These
are particularly striking for the shear modes since they are overlapped

both in frequency and arrival time by the Rayleigh mode.

In designing a second set of processors, use was made of the
relation between the horizontal and vertical components of motion at each
receiver site, In this case, results were excellent for the theoretical data
but poor for the experimental seismograms, The difficulty was traced
to the finite size of the receiver crystal on the analog model, coupled with
the sensitive dependence of the Rayleigh-wave motion on receiver depth.
These difficulties wouid not occur in practice, but a similar problem
would arise if one attempted to apply one filter system to data from sources
at a range of depths. In general, the mode separatic .. technique appears to
be very useful and should be evaluated using actual ficld data,

B, TASK 2
A 2-dimensional analog model with 2-layer crust over a

half -space was built., The upper crustal layer was made of brass, the
intermediats layer of monel and the half-space of steel. Monel is a useful
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modeling material because it has a velocity intermediate between brass
and steel. The parameters of this model are given «n Table 3 of Appendix
D, Letting 1 cm scale to 20 km yields a crustal thickness of 40 km,

TlLeoretical cornputations were made for all modes lying
below a frequency of 1 Mc/sec (scaling to ~ V.74 cps). This gave 7 leaking
mo-es aud 10 normai modes., Dispersion curves, attenuation functions,
excitation functions and, finally, seismagrams were computed for each mode.
One purpose of the study was to determine the effects produced by the
intermediate layer, The tnost ohvious evidence for the existence of the
intermediate layer is found in the dispersion curves, The shear modes
show well -defined group velocity maxima at phase velocity plateaus near
the velocity of shear waves in monel (Appendix D, Figures 1 to 6), These
could be experimentally observed if the grcup velocity were deterrmined
directly from the seismograms, However, if the phase velocity were first
determined and then the group velocity obtained indirectly by differentiation,
the effect might be masked., The phase velocity curves cre quite flat over
hroad frequency ranges, and small errors would greatly affect the
derivative used in computing the group velocity, There are less well-
defined plateaus in the leaking-mode phase velocity curves near the velocity
for compressional waves in mone! {Appendix D, Figure 7)., In some
instances, however, the attenuation is quite high nezr these plateaus so
that the observance o1 P-pulses refracted along the top of the monel a'so
depends on the relative excitation of the modes as a function of frequency,

It is natural to compare the distribution of dispersion curves
with f1 equency for this model with that of the single-layer model considered
previously. In both cases, the total crustal layering is 2 cm thick., One
means of comparison, appropriate for low frequency, would be to replace
the 2-layer model by an equivalent 1-iayer model which could be chosen to
have the same total layer thickness (2 cni) but a higher average velocity.
However, it is more convenient to consider a thinner all-brass layer,
Then, the dispersion curves for the equivalent model can be obtained from
those of the 1-layer model simply by ctretching the frequency axis. This
simple artifice shows that there should be greater separation in frequency
for the modes in the 2-layer model than in the 1-layer model. (Compare
Figure 3.1, Appendi.m A, and Figure 7, Appendix D,)

The seismograms are shown in Appendix D, Figure 16. A
sufficient nurr .er of modes is present to show some hint of pulse formation,
However, it is difficult to identify a given ''pulse'’ on traces that are 20 cm
apart because the pulses change shape rapidly with distance, However,
events having about the velocity of compressionai waves in monel can be
scen,




The experimental seismograms for the 2-crustal layer model
are shown in Appendix D, Figure 8 through 15, These show some significant
deviations from the theoretical predictions. The PL;,; mode seems to be
strongly excited, but its dominant frequency is about 95 kc/s instead of 120
kc/s. Experimental determination of dispersion (Appendix D, Figures 61
through 63) shows this more clearly for both the PL and shear modes. In
terms of our crude equivalent 1l-layer model, the analog model appears to
have a '"thicker' layer than the theoretical model., This is probably due in
some ma: .er to an imperfect bond between the various materials, However,
the bond is sufficiently strong that distinct events refracted along the top of
the steel are seen,

i

C. TASK 3

A 2-dimensional analog model with a single brass crustal
layer having a dipping boundary was investigated, 7Th. underlying half-
space was of stainless steel, Layer thickness varied from 3 to 6 cm over
a distance of 244 cm., The source was located at >3 cm from the 3-cm end
of the model, so regions of the model were appropria.e to both ray and
modal propagation. Experimentsl reismograms for these two cases are
shown in Appendix E, Figures 5 through 11,

The chief prediction of the theory for ray nropagation above a
dipping boundary is the presence of a range of phase velocities for critically
refracted events, 'n particular, events recorded updip from the source
will have a phase velocity higher than the true velocity in the refractor,
while the reverse is true for events recorded dowrdip, In addition, the
multiple reflections of the primary refraction will have different velocities,
depending on the number and location of the reflected legs. Theoretical
and experimental travel-time curves showing these effects are shown in
Appendix E, Figures 12 and 13, The difference in phase velocity for a
given event, measured updip and downdip, can be used to mcasure the true
velocity belcw the refracting interface, Similar results can be obtained
using the phase velocities for two different but identifiable events measured
in a single direction, Examples of this are given in Appendix E, Additional
information con:erning the velocities of layers above the refractor allows
computation of the dip, Amplitu“e m=2asurements for this model, while
behaving as predicted, show considc) able scatter (Appendix E, Figure 16,)

The most convenient representation of modal propagation in
a model with a dipping interface ignores the dip completely; instead, it
represents the layer thickness variation by a sequence of plane-parallel
layered models, each valid for a small range of distance. This allows
computation of a dispersion curve for each model in the sequence, so we can
associate with the dipping interface model a dispersion curve which is a
function of distance. Measured dispersion curves at a number of source-




receiver distances then allows measurement of layer thickness and
averaged dip. Dispersion curves measured for the leaking modes of
propaga.ion are shown in Appendix E, Figure 18 through 20, Theoretical
curves for the appropriate layer thickness are shown for comparison; the
agreement is quite good. Since only a s’ ‘gle leaking mode of propagation
was strongly excited, the problem was simplified, As long as the thickness
variations occur over several wavelengths, this method can be used for
modal propagation in models with nonplane boundaries.

D. TASK 4

Experimental studies were conducted using data recorded from
the cross array at Tonto Forest Seismological Observatory., These data
consisted of recordings of nuclear events detonated in Nevada, quarry blasts
and U.S. Geological Survey calibration shots. The data were divided into
two categories, based primarily on distances froran TFO, The more distant
events have all the characteristics of seismic refraction seismograms, while
the near events (A < 30 km) show near-surface modal propagation with indica-
tions of dispersion. The two sets of data were treated separately.

Two nuclear events (Appendix F, Figures 4 and 5) were used,
both of which had very high signal-to-ambient-noise ratio., These events
showed clearly the Pp and Pg refracted events and their multiples, but there
was no indication of P*, On one cf the records, Sg also was seen. Because
of the high quality of these recordings, velocity filtering was applied in an
attempt to separate various overlapping events and, in particular, to bring
out P if it were present (Appendix F, Figure 18). No indication of P* was
found. Following Pg, however, there were certain low-velocity events which
probably represent scattered energy generated by Pg. This energy was not
apparent on the unprocessed record. Velocity filtering applied to the broad-
side array (perpendicular to the travel path) showed that the Pp event and its
multiples traveled directly along a line from source to receiver. While this
was true also for some of the Pg events, there was observation of events trav-
eling with Pg velocity that arrived from a direction slightly south of the line
connecting source and receiver. It is assumed that these events were later-
ally refracted by the mechanism of varying sediment thickness.

Recordings of U.S. Geological Survey shots (Appendix F,
Figures 7 through 15) showed a poorer signal-to-ambient-noise ratio than
the nuclear events because the decreare .1 epicentral distance did not
offset the vast difference in effective charge size. In general for these
events, fewer well-defined secondary arrivals were observed and the
signal-generated noise was more of a problem, This may have been partly
due to the higher frequency content of the seismograms, The experiments
were aimed at improving data quality to a point that later events could be
picked. Also, there were efforts to determine the coherence or




predictability of the data from trace to trace in order to evaluate the
impertance of the scattered energy., It was found that velocity filtering
and data -dependent prewhitening (''deconvolution'') aided in picking later
arrivals frem a small USGS shot (/.ppendix F, Figures 20 through 24).
To confirm the validity of this, the same events could be picked on a
larger quarry blast from the same area,

Single-channel prediction studies showed that only 5. percent
of the energy arriving between the first arrival and the surface waves is
predictable, This could be caused by several coherent events with different
velocities (or from different sources) arriving during this time, or it could
be that about half the energy in this frequency range (2-5 cps) is spatially
random, Multichannel prediction studies showed about the same percentage
prediction, so the latter hypothesis seems more tenable. A reasonable
mechanism fo: this random energr would be sc:ttering of early arrivals
from a large number of inhomoge.:eities in the immediate vicinity of the
array.

The outstanding difficulty which remains in interpreting
these refraction records is the problem of identifying later events with
ray paths, In the usual case, crusts beneath the source and the receiver
are different so that the seismogram contains two different sets of multiply
reflected events superimposed upon one another, The strongest evidence
for complicated velocity structure within the crust is the observation that
very few of the many later events show time intervals large enough io
allow reflection between the surface and the M -discontinuity,

The local USGS events (Appendix G, Figures 2 through 4)
show compressional arrivals, shear arrivals and a well-defined Rayleigh
train. Frequency-wavenumber spectra of these events (Appendix G, Figure
7 and 9) indicated a Rayleigh relocity of 2.8 km/sec and there was some
indication of dispersicen. The frequency spectrum is strongly peaked at
1,0 to 2.0 cps, Events whose travel paths were inline with the array
were found to give frequency-wavenumber spectra which were reasonable
in the sense that they could be interpreted in terms of an arrival with well-
defined velocity, its sidelobes, and its aliases (Appendix G, Figure 13).
Events whose travel paths made a large angle with the array gave 2-
dimensional spectra with energy seemingly randomly distributed in wave-
number (Appendix G, Figure 21),

Rayleigh-wave dispersion was measured by using correlation
statistics of the Rayleigh mode on adjacent traces. From these, a filter
was computed to predict one trace from the other. Since only one mode was
present with any measurable power, this filter represented the transfer
function for that mode and dispersion curves could be computed from the
phase response of the filter, Results computed by this method are




shown in Appendix G, Figures 27 and35. Again, it was found that the data
from shots inline with the array gave reasonable results while those not
inline gave uninterpretable dispersion results. The cause of this behavior
was traced to the very rough topography ir the area between the array and
the shots. For irline shots, the phase difference between two receivers
at a given frequency depends on the subsurface structure between the two
receivers but is independent of the structure between the source and near
receiver. This remains true for noninline shots if there are no
inhomogeneities. In the present case, however, the topography is so
rough (Appendix G, Figures 38 through 41) that the phase difference is due
primarily to differences in the gsource-receiver path and depends only
slightly on the structure between receivers.

The usable results snowed very similar dispersion curves
for the southwest, northwest and northeast ends of the array. Although a
urique structure cannot be determined from such a small amount of data,
the dispersion results were in agreement with theoretical curves for a
model having a single layer 0,5 km thick and a P -velocity of 4,8 km/sec.
The underlying material would have a compressional velocity of 5.9 km/sec.
Results from the southeast end of the array showed lower velocities,
These could be obtained by making the P -velocity in the single-layer model
4,5 km/sec,

Resvlts seem to be correct but are not in agreement with
ohserved surface neology. The southeast and southwest ends of the array
lie on granite and would be expected to have 2 higher velocity than the
northwest and northeast ends which lie on sediments. The cause of this
disagreement is not known.

In summary, we may say that computer processing, parti-
cularly velocity filtering, has improved the interpretability of the field
data. Frequency-wavenumber spectra have also proved useful for analysis.
However, two outstanding probleris remain, One is the problem of
identifying later arrivals with spucific ray paths, This probably can be
solved only by having more observatcries closer together. Second is the
problem of scattered energy corrupting later events, Here, the best
solution seems to be more receivers closer together. Then these can be
processed on a subarray basis to remove scattered energy. Itis worth-
while to note that both problems vill be greatly alleviated by facilities
such as the Large Aperture Seismic Array in Montana,
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THEORETICAL INVESTIGATION OF MODAL SEISMOGRAMS
FOR A LAYER OVER A HALF-SPACEt

STANLEY J.LASTER*,JOE G, FOREMAN*, axp A.FRANK LINVILLE?®

The use of normal modes to represent the propagation of elastic waves at large horizontal offset is well known,
By addition of the relevant leaky modes, the mode theory is shown to be useful for representation of the seismo-
grams at sherier range, A theoretical model consisting of a 2-cm brass laver over a steel hali-space is considered.
Dispersion curves and excitation functions are computed for the first four normal medes and the first three PL
modes, Attenuation as a function of frequency also is computed for the PL modes. A suite of seismograms is cem-
puted for the distance range 30-70 cm, showing each mode individually and their sum ithe total seismogram).
1t is found that, for the distances used, the individual modes do not approximate transients with a definite “arrival”
time, Only their sum is required to exhibit this physical behavior. In addition, at short distances, the dispersion of
a singie mode is not visually obvious although the dispersion curve may be recovered by use of Fourier transform
methads. Determination of the dispersion curves from the total seismogram is more difficult and requires some
separation of the modes, as they overlap in frequency and velocity. This work shows the preponderance of the
leaky modes in the early part of the seismogram and indicates their importance in the iater part of the seismogram
for short horizontal offset.

INTRODUCTION physical constants of a plane-layered modei are

This study deals with the application of mode
theory to the study of elastic wave propagation in
a model consisting ol a single layer overlying a
hali-space, The application of mode theory to
such problems is not new; however, such investi-
gations usually are not carried past the point of
computing dispersion curves and excitations for
the vormal modes, The novet features of the
present study are the inclusion of the relevant
leaky miodes and computation of actual seismo-
grams, This was doue as a part of a broader study
of separation of the various modes for the pur-
puse of measuring dispersion, attenuation, and
excitat;on from experimental data.

A unique characteristic of a “mode” ol propa-
gation i the frequency-phase velocity (or fre-
quency -wavenumber)  relationship. The  phase
ve' ly, as defined here, is simply the apparent
r ut velocity  between closely spaced  re-
¢ o5 Another parameter of interest is the
group velocity, defined as the average velocity of
travel (for cach freuency) in the sense of total
distance traveled divided by elapsed time, Two or
mere modes may partially overlan in frequency,
phase velocity, and group velocity, but ne two
modes agree completely in the dependence of
phase and group velocity on frequency. 1 all the

known, the frequercy-phase velocity relations
{dispersicn curves) may be computed theoreti-
cally. The next section gives a brief résumé of how
this may be done,

MODE-THEORY RESUME

Consider the problem of elastic wave propaga-
tion in plane favers above a hali-space. Let u be
the vector whose components are u, and u, the
vertical and horizontal component of displace-
ment. There will be delined for cach laver and
half-space the quantities: ¢, a scalar potential;
and ¥, a vector potential; such that u=V¢
-+¥ X+ For the two-dimensional problem con-
sidered here, ¥ has only one nonzero component.
The equations of motion of the elastic solid are
satirfied identically if

1 3%
= ani
o af?
1o :
T = — — (- and S-wave equations).
/3‘1 al‘.‘

Here, a and 3 are the P- and S-wave velocities in
the layer. The appropriate boundary conditions
are continuity of the stresses and displacements
across each interface and vanishing of the stresses

t Presented at the 34th Annual Internationa! SEG Meeting, Los Angeles, Caliv mnia, Noveniber 19, 1064, Manu-

script received by the Fditor December 22, 1964,

* Texus Instruments, Tncorporated, Dallas, Texas.
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572 l.aster, Foreman, and Linville

at the frec surface, We take x tu be the Lorizontal
coordinate and z to be the vertical coordinate,
with 3 positive downward. The normal stress
across an interface (3= constant) is

while the shearing stress across the interface in the
direction of propagation is

T (a-u. n au,.)
Dl dx 9z /)’

where g, A are Lamé’s constants. In the two-di-
mensional problem, there is no shearing stress
perpendicular to the direction of propagation.

‘The problem is solved formally by applying
successive Fourier transform to eliminate the
time ¢ and the distance x.! This introduces the
angular frequency « and ..e “angular” wave-
number k&, respectively (either or both may be
complex). One may interpret the transformation
process physically as a decomposition of the dis-
turbances into -lane waves.

After transformation, the wave equations are
solved quitce easily to give

¢ = I)eivz + Qe—ivz’ v (w‘.”/a'.’ —_ kﬁ)lIQ!
{ = Ceint+ Demivs, 5= (w?/R2 — k)12,

Since the quantities 7 and » are square roots, the
solution is not complete until the signs of the
raa cals are specified. We arbitrarily take the
imaginary part of », 7 to be positive on the
“physical” Riemann sheet. (Similar results will
be obtained if the opposite choice is taken.) Speci-
fication of thesc signs introduces two natural bar-
riers (or “branch” lines) in the complex £ plare.

The quantities P, Q, C, D arc constants of inte-
gration. The transformed boundary conditions
form a systen: of linear algebraic equations for the
determination of these constants, and the actual
evaluation is carricd cut by using Haskell’s (1953)
matrix niethod. The final transformed solution
for the elastic displacement vector is of the form

A(w, z)
Alw, k)

Uw, k,z) =

! Note that there is nothing to tell us which trans-
form: to perform first and that we could have taken the
alternative choice.

where the function A is determinant of the system
of linear equations. The formulas for A and A have
been given in detail by Harkrider (1964). In order
to cvaluate leaky mudes, his expressions must be
programmed in complex arithmetic. The time-
distance soli::ion (“seismogram’} of the boundary
problem is, by Fourier inversion,

f f (w, k) "'""dkdw.

It is important to note that (1) A (w, %, 2) is a
function of the type of source and receiver, i.c.,
the radiation pattern and location of the source
and the response and location of the receiver, as
well as the model parameters, (2) the horizontal
distance x appears only in the exponent ¢~ %, and
{3) A(w, k) is independent of the source and
receiver; it is purely a function of the model
parameters, i.c., a;, B, h;, and p;.

‘The inner integral may be evaluated most con-
veniently by contour integration, the evaluation
being cariied out for each value of w. The domi-
nant contribu*'ons are due to the poles of the
integrand whici vccur at Alw, £)=0. This defines
a set of dispersion curves k;{w) or, more commonly,
ci{(f) where f=w/2x and ¢c=w/k,

For real values of w and with cuts taken in the
& plane defined as above, the only poles lie on the
real & axis. The remaining contribution to the
integral then consists nf the two line integrals
beginning at branch points of the integrand and
extending to infinity, as shown in Figure 1. For
large source-receiver distances, the pole contribu-
tions dominate the brancli-line contributions,
This can be shown by asymptotic expansion about
the branch points to vield two simple *“blunt”
pulses which are intimately connected with pure
P and S waves in the half-space. While these
blunt pulses represent most of the cnergy in the
branzh-line integral, such an approximation is
misleading. The integrand along the branch line
does not decay monotonically away from the
bianch point bui has occasional smooth peaks
which contribute  early-arriving, oscillatory
events,

In their or'ginal form, the oscillatory events
are difficult to evaluate; the most convenient
procedure i to reroute the lines of integration in
siuch a menner that the integrand is, insofar as
possible, a rapidly decaying function.

In the. process of moving the lines of integra-

u(l, x, )—
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NORMAL MODE POLES

Ay (k)

FiG, 1. Schematic diagram of fourth quadrant of complex % plaue showing normal mode poles and original
; CLE Yy Enms ] / 20 t
branch lines. The path of integration is just above and parallel to the real axis.

tion, new poles, for which k{w) is a complex num-
ber, are uncovered. These poles yield the damped,
oscillatory disturbances which correspond to
high-velocity reflected refractions and slowly
moving near-veriical 1cflections, collectively
called leaky modes. The damping results from
loss of energy into the hali-space rather than
from dissipation.

The improved branch lines are shown in Figure
2. Note that the branch points move as w changes.
The path of a single pole (mode) relative to the
branch point is showp as a fuaction of frequency.
The pole emerges from the torbidden domain as
a PL mode, crosses again into a forbidden do-

main, and finally emerges on the real axis as a
shear mode. The path of integration is slightly
above and parallel to the real axis, The remaining
branch line integrals are quite small and will be
ignored in the remainder of this paper.

The contribution to the inner integral due to a
single pole {one “mode’™) is

Aw, k, 3)
dA |
ok

—ik{wir
€ 1)

where &{w) may be complex.
Let %{w) = k,—ir (for the normal modes, r=0)

Itk

P BRANCM LINE

W wg,, Oﬁgn MODE POLE
& Ry (k)
\ ==
N\ g /7
N 7

S BRANCH LIME

Fic. 2. Schematic diagram of fourth quadrant of complex % plane showing poles and simplified hranch
lines. The path of integration is just above and parallel to the real axis.
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and 6 by the first two terms of its Taylor series
A, k), 2) o
- = ptlwis 8 = N g = .
l?i' 0(0.0) + ((& (J)(,) ‘lw o
Ok L (@ — wa)? d2* +
bz denoted by H{w). 2 dw’ .,

H(w), the cemplex frequency spectrum of the
given mode at the source, is called the excitation
function aud is generally a smooth, slowly varying
function of w. In particular, H(w) will not have
poles. The integral may now be written

1 %
u(i, x,z) = ’)_-f H(w)ei =" du.
rd_,

This integral cannet be evaluated in closed
form, There are several methods for approximat-
iag the result. It is often usefu! to use methods
oy which the analytic behavior of the function
can be determined without resorting to numerical
methods, In this instance, asymptotic approxi-
mations to the integrsl may be used which are
varid for large source-receiver distances or large
times after the souree disturbance has been
initiated. Two such methods closely related to
cach other are the method of stationary phasc
and the method of steepest descents. For con-
venience, the former uzually is used, the angular
frequency w being taken real.

The stationary-phase method utilizes  the
knowledge that /% ynlike H(w), is a rapidly
varying function of w. Therefore, the dominant
part of the iutegral comes from the region where
the phase @=wt—k.o is stationary, e, where
d8/dw=1, Erdeisi (1957 shows that contribu-
tions from stationary points, if present, are of
order 7V2, Contributions from end points of the
region of integration centribute terms of order
(7%, For large 1, the latter may bhe neglected in
favor of the former. Defining the group velocity
to he '=y/1, then 1—(dk dw) U'=0 or =
dw/dk,. In add.don, we will define the phase
velocity by c=w/k,, so that the phase of the
exponential can be written aff—(v/c)].

It ts noted iere thao the identification of
dw/dk, with the group velocity is a direct result
of using the stationary-phase approximation {the
same resilt holds tor the saddle point method)
and is valid only Insofar as the integrand satis
fies the prerequisite conditions. If we approximate

then
(0 — wi)?
g = B(Qu) + : 3 " Gb !

-

at the stationary point, Assuming that H(w)
varies slowly near wy, the integral becomes

Hwy) = -
ut,x,z) = e pfut lomaitld (fyy
2 —

r
with
d*k,
03" = —x—
do® |,
The final result is
ek, | V2
u(l, x,5) = Rc|: ry | —— H{w,)
dwt g,

,ei(wut-k,.rj_'tli):l;

the plus or minus sign in the exponential is
taken to agree with the sign of 8,7,

Use of the real part follows irom the symmetry
properties of the real and imaginary parts of
H{w). This approximate formula does not hold
near the Airy Phase, where 8" =0.

This approximate solution has some remark-
able implications, For the moment, consider the
distance x fixedl, Then the group velocity U is
determined by the time £ at which it is desired
to make an observation and, from the dispersion
curves, a frequency wa s determined. This tells
us that, near time {, the seismogram approxi-
mates a sine wave of frequency wy. Alternatively,
the signal snectrem in a small frequency band
centered at ay is determined to a high degree of
approximation by the signal time function mea-
suredl inoa small time interval centered about £,
This is a direct result of dispersion and s valid
only for farge values of £, "This also explains the
success of the method for measuring dispersion
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Modal Selsmograms for a Layer over a Half-Space

by the method ¢ visual correlations of peaks anil
troughs on the seis1:ograms.

For moderate distances and times {approxi-
mately 10-15 layer thicknesses', the stationary
phase approximation mway be worse than is
realized. ‘This manifest., itself in a nrumber of
ways. First, the tinwe interval necessary to deter-
mine the spectrum near wo becomes larger. In
particuiar, this means thai, for short distances,
long time samples are necessary to determine ade-
quate experimental dispetsion curves, The ability
to follow an “event” (peak or trough) across an
arra: of scismograms may not be significant be-
causc it may not be possible to determine the
“frequency’ of the event with suflicient accuracy.
A second failure results from the negleet of the
end-point contributions to the integral. The end-
point terms, because of the coefiicient involved,
may be as large as the 7% term. Consider, for
instance, the shear modes, each of which has a
low-frequency cutoff. This “end point” con-
tributes wave: traveling at the velocity of shear
waves in the hali-space. For times before the ar-
rival of the refracted shear waves, there is no
stationary peint but the end points still contriute
nonvanishing motion. This may be stated dii-
ferently. Because the spectra of the normal modes
(except the fundamental} vanish over finite fre-
quency bands, the time functions cannot be

transients. Only at large distances do they ap-

675

proximate transierts. A single normal mode is not
in the strict sense a physically realizable entity;
however, this is not required. Only the sum of all
modes {and branch line integrals) must behave
physically.

Because of these difficulties, direct numerical
ategration based on sampled data theory, may
prove more satisfactory for computing seismo-
grams, at least for short distances,

DISPERSION, ATTENUATION, AND EXCITATION

FUNCTIONS FOR A LAYER OVER A HALF-SPACE

Theoretical solutions were evaluated for a sim-
ple crustal model consist'ng of a single layer
overlving an infinitely  deep  hali-space. The
parameters of the layer are taken to be those of
brass, while the parameters of the half-space are
those appropriate to steel (see the folloring table).
This model, designated H-1, 15 based on an exist-
ing analog model,

Elastic parameters of model H-1

! N Laver
g P S Density 5=
Material Velocity  Velocity  Ratio Thick-
2 ness
”}}::,‘};q"d 3. 83 mm/us 2,14 20 mm
1.0
Cold rolled 49 324 -

steel

{Note that velocities in mm/us are numerically equal
to velocities in km/sec.)

6.0 o ]
Pl22 Y\Pl—zs
> \
) C
% 5.0 \
d
=
2 40 -
- -
=
Q =
S 3.0 <
uJ ._\ \
> N
20 _*j:;——x -
n " i n i 1 i il 1 L X " R W VR VI GO G GRS SR SR S
0 50 100 150 200 250
FREQUENCY B
(KC)

Fic. 3.1. Dispersion curves for the domin~nt normal and leaky modes in model H-1.
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Fi16. 3.2, Altenuation as a functivn of frequency for the first three PL modes. o

Seven significant modes of propziation -vere
aniicipated in the frequency rang: of interest

modes is mentioned-—the so-called “Organ Pipe”
modes (Rosenbaum, 1960), These fali into two

{0-250 kc/sec)—three leaky (PL) and four nor-  categories—Z modes and # modes. (The present o
mal (trapped) modes. The PL modes represent name conventic aforms with that of Gilbert, e
early-arriving refracted events which have been  1963.) 1he £ mudes are extensions below cutoff
muitiply reflected between the base of the layer  of the My; shear modes (with one exception dis-  += =
and the iree surface, while the normal modes con-  cussed below). These are composed primarily of ::‘
tain mainly shear and Ravleigh energy. The theo-  near-vertically reflected shear waves. The # modes == 2
retical dispersion curves are shown in Figure 3.1.  are not extensions of realizable shear modes but
The very steep group velocity curves of the leaky  consist primarily of near-vertically reflected com- == =
modes indicate that these modes have an almost  pressional wav 5. The locations of typical Zead » =
sinusoidal appearance. modes in the complex £ plane are shown in Figure £

The name convention for the M,; and Mz 4.1, and the dispersion curves for the first fourof -

modes is based on analogy with the normal modes
of an infinite free plate. The modes of a free piate
have displacement distributions which are either
symmetrical (M;;) or antisymmetrical (M) with
respect to the median piane of the plate. When,
as in the present investigation, the plate is
Lounded to a hali-space, the motion is only ap-
proximately symmetrical or antisvmmetrical.
The PI modes, with the exception ot PLy, are
the mathematical continuations for frequencies
below cutoff of the M ¢; shear modes.

The attenuations of the leaky miodes are shown
in Figure 3.2, Fach of these curves begins with a
very low attenuation but increases rapidiy. Fach
mode has once or mor= peaks in the attenuation
function. An attenuvation of L0 db/cm indicates
a decay to 1 percen - ariginal *mplitude while
aavaing through 20 cm.

Far conmpleteness, an additional set of leaky

these modes is shewn in Figure 4.2, The attenua-
tion is very high, being on the order of 7 db/cm,
with minimum value of 1.5 db/em. However, for
the model investigated, the attenuation de-
creases with mode number for the £ modes. Be-
cause of the high attenuation, the Organ Pipe
modes are important only from a mathematical
standpoiat for the present study.

The strange appearance of the dispersion
curves for the Organ Pipe modes appears to be a
characteristic of the method of computation that
nat heen vsed, i.e., real frequency, complex wave-
number. I the original Fourier transiorms are
periormed  the reverse order and 1he wavenum-
ber taken to be real, the Organ Pipe dispersion
curves have a more reasonabie shape. In particu-
lar, thie phase velocity becomes infinite for specific
frequencies (real part) as would! be expected for
vertically bouncirg waves (Gilbert, 1963). Fi-
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S BRANCH LINE

Fi6. 4.1. Schematic diagram of fourth quadrant of comypilex £ plane showing typical
motions of = and ¥ mode foles as functions of frequency.

nally, with this alternate representation, I, be-
comes the extension of M and PLx the exten-
sion o My, This indicates that the two modes
actually intersect at some point in the doubly
complex kw plane. ~aindication of this is shown
in Figure 4.3. The solid curves are the paths ol
the PLsx and I, poles found hy taking the (re-
quency real and finding the complex wavenumber
root of the secular equation. The dashed curves
are similarly computed by taking wavenumber
real and finding the complex frequency root. It
can he seen that various segments of the original
curves are paired differently in the latter casc.
Solutions for arbitrary complex frequencies near
the real {requency axis have showa the two sets
of curves approaching a point of intersection. At
that paint, A(k, w) =0 has a double root and the
function k{w) has a branch point. The nearness of
this poiut to the real @ axis is the cause of the
exceptional behavior of PLx at about 50 ke sec
in Figure 3.1, 1t might also be menticned that the
high theoretical group velocity PLx at 30 ke

should not be taken too seriously since the inte-
grand of the frequency integral no longer satisfies
the conditions {or the validity of a stationary
phase approximation, Near che peak in the
attenuation {unction, the thecretical curve ne
longer represents the group velocity,

Once the elastic disturbanee has been initiated,
the individaal modes prepagate independently of
each other. The propagatior of each mode is
determined by its dispersion curve, while the
relative amplitude of the various modes depends
on the model parameters and the source-receiver
configuration. The spectral execitation functions
for the first four normal modes are shown in
Figures 5.1 and 3.2, These curves were computed
for a receiver and vertical furce source bath
located at the free surface of the brass laver (s=0).
These excitation functions are independent of
horizontal source-receiver distance as long as
that distance is great enough for the 1node theory
to be valid. The Rayleigh (3,,) mode has approxi-
mately ten times the amplitude of the other modes
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Modal Selsmograms for a Layer over a Half-Space 579

though the peaks in the spectra occur at different
frequencies. In all four modes, the vertical dis-
placement is significantly greater than the hori-
zontal displacement, There is a /2 phase dif-
ference between horizontal and vertical displace-

ment at every [requency.

The excitation amplitudes for the three PL
modes also have been computed for the source
and receiver on the surface. The amplitudes are
shown in Figures 3.3 and 5.4. The PL excitation
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Fic. 4.3. Dispersion curves for the lowest order leaky modes. The dashed curve show
for real frequency and complex wavenumber. The solid curves show the corresponding P
slex frequency and real wavenumber. An intersection in the doubly complex frequet
indicated.
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Fi16. 5.1. Spectral excitation functions for the Rayleigh mode 3M,,.

funetions are eomplex, so the phase difference
between horizontal and vertical displacements is
different at eaeh frequency. The low-frequency
end of each mode begins with low amplitude and,
with inereasing frequency, builds up, giving a
series of maxima and minima. The frequen sies at
which the excitation minima occur coincide with
the frequencies of group velocity maxima and
attenuation minima; i.e., frequeney bands having
low excitation aniplitude propagate with high
velocity and deeay slowly with distance. The
converse is true for exeitation maxima. At moder-
ate distanee, the effeets of attenuation and excita-
tion are offsetting, produeing a very complieated
seismogram.

It is difficult to adequately compare the ampli-
tudes of the leaky modes and the shear modes
unless the effects of attenuation are considered.
In Figure 5.5, the relative power for vertical dis-
placement in the vaiions modes is shown for a
source-receiver distance of 30 em. It is seen that,
at their speetral peaks, the modes PLay and PlLa
have about the same power density as the shear
modes. Also, it is seen that the cumulative
effect of attenuation in the leaky modes is to
produce highly peaked spectra. Once again, this
indieates a very sinusoidal-appearing arrival,

HORIZONTAL TRANSFER FUNCTI!ON FOR
NORMAL AND LEAKY MODES

The deseription of modal propagation is par-
ticularly simple for propagation between two

identical reeeivers on the surfaee of the model.
One may speak of a “transfer function” which
operates on single mode at one distance to change
it into the same mode at greater distance. The
transfer function for the tota! seismogram, how-
ever, 3 very complieated and depends on the
souree and souree-rceeiver distance. For normal
modes in a two-dimensional model, the frequency
domain transfer funetion is a pure phase distor-
tion which tends to stretch out the seismogram in
time. If this funetion is represented as ¢, the
phase shift 8 is given by

-
0(f) = 0 Ax.

The phase veloeity c(f) is obtained from the
theoretieally determined dispersion eurves (Fig-
ure 3.1). 1f the behavior of a mode is known in
propagating through a unit distanee, it is clear
that its behavior evervwhare on the surface of a
plane-layered model can e determined easily.
For leaky modes, the transier function contains
an a<ditional factor ¢~ where 7(f) is the fre-
quency-dependent attenuation,

The modal transfer functions also have a simple
interpretation in models with crustal thickness
variation. The transfer function between two
reecivers for a single mode is relatively indepen-
dent of complications in the path between the
source and near receiver but depends strongly on
th- local layering in the vieinity of the two re-
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Fic. 5.2. Spectral excitation functions for the first three shear modes.
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Fic. 5.3. Vertical excitation functions for the first three PL modes,
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F16. 5.4. Horizontal excitation functions for the first three PL modes.

eeivers. Expeririental dispersion information eon-
tained in such a transfer function thus may be
interpreted in terms of local crustal strueture.
Transfer functions are more useful when repre-
sented in the time domain. This may be accom-
plished by performing the inverse Fourier trans-
form operation on the frequeney speetrum. One
difficulty does arise, however. Censider, for ex-
ample, M. (Figure 5.2). The idealized amplitude
spectrum is flat over the frequency band of

[}

12 =

POWER (db)
3

=80 —

i 1 ol i I
Q0 S0 100 150 200 50 300
FREQUENCY (KC}

Fic. 5.5. Relative vertical power specira of leaky
and normal modes at 30.cm distance from source.

interesi ar. . - ero outside. The inverse transform of
this, with the phase speetrum discussed above,
gives a very long, ringing time function. The
frequencies readily ohservable in the time fune-
tion are the eutoff frequencies of the speetrum-
however, sinee tne mode does not eontamn ener ,y
outside the band of interest, it is of no importanee
how the amplitude response of the transfer func-
tion hehaves there. Therefore, the amplitude func-
tion was modified (Figure 6.1) hefore eomputing
the time {function. The resulting transient tr..asfer
functions are shown in Figure 6.2. These short,
well-behaved filter operators,when applied to the
appropriate mode at sonie distance, yield the
same mode one unit distance farther away from
the souree. The unit of distanee here is one em.
The phase information contained in the dispersion
eurve is not visually apparent in the time fune-
tions. \s a final check, the direct Fourier trans-
forms of the transfer funetions were eomiputed
and the phase velocities recaleulated from the
phase spectruri. Exeellent agreement was ob-
tained,

THEORETICAL SEISMOGRAMS FOR A LAYER
OVER A HALE-SPACE

Using the dispersion eurves and the surfaee
excitation functions, theoretical seismograms were
eomputed for the leaky and normal modes. The
inverse Fourier transform was performed numer-
ieally for the distanee 30 to 70 cm i two-cm
inerements using 2.5 ke frequency increments in
the summation. On the basis of sampled data
theory, this yields 400 us of independent time
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Fic. 6.1. Idcalized and modified amplitude spectra for the transier function of shear mode M.
The idealized spectrum: is shown in dotted lines.
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Fic. 6.2. Transfer functions hetween station one ¢m apart for the dominant leaky and normal mnedes in moilel
H-1. Note that for this short distance a two-sided operator is necessary. All operators are shown to be 71 uses long.
However 400 psec were used for My, and PLn because of their low.frequency content.
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data. A study of the group velocity curves shows  modes with lower and lower group velocity, is
that this should be sulficient for distances of 30 to  related to the leaky interface pulse found in a
70 cm. The vertical traces for 31 cm to 69 cm (in - morlel consisting of two hali-spaces (Gilbert and
two-cm increments) were computed by applyving  Laster, 1962D).
the modal transier functions to the directly inte- The particle motion associated with My is also
grated traces. The seis.a. grams are presented in of some interest. For a source and rec-ver on
Fipures 7.1 to 7.14. The source time function, the surface, the vertical motion excilation func-
assumed to be a zero phase band-limited impulse  tion has no nodes (as a function of frequency},
(0-250 ke/sec), was implicitly included Dby  while the horizontal motion excitation has one
truncation in the frequency domain, node. Thus, at low frequencies (rorresponding to
Seismograms for the first shear mode (Figure the early-arriving pulse), the motion is prograde
7.2) show the effects on the seismograms of sub-  ellipitical while, for late-arriving high frequen-
sidiary group velocity maxima aud minima. The  cies, the motion is retrograde. An erample of this
motion begins with very small amplitude but be-  is shown in Figure 8; the abscissa Leing the hori-
gins to develop a pulse-like appearance at the  zontal displacement and the ordinate the vertical
time appropriate to the group-velocity maximum  displacement. The curve shown is the locus of a
near 65 kc. The succeeding high amplitudes cor-  point on the surface of the model.
respond to the group-velocity riinimum at 60 kc. The dominant group velocity minimum also
The maxima and minima are very slight in this  gives rise to a pulselike event oceurring at the
case, forming almost an inflection point on the end of the seismogram. This high-amplitude pulse
curve. If this pulse were interpreted cxperimen- s called the Airy phase. Pekeris (1948) has shown
tally as the first shea arrival, the value assigned  that the point of maximum amplitude occurs
to the shear velocity would be too low. This par-  somewhat before the time associated with mini-
ticular pulse, which also occurs in the higher mum group velocity. Strictly speaking, pulses
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Fic. 7.14. Theorctical horizontal seismogram for the leaky mode PLs; in the distance range 50 to 70 cm.
The smallest time markers are 10 usec apart. Distance between successive traces is two cm. Gain 0 dh.

associated with every maximum and minimum
can be called Airy phases. The Airy phase asso-
ciated with a group-velocity maximum behaves
like the time reverse of the Airy phase associated
with a minimum, having a relatively sharp onset
and an indistinct trailing edge.

The first shear mode also shows a striking ex-
ample of the nontransient behavior discussed
above. There is no sharp onset, and the almost
constant frequency oscillation is visible even at
time zero.

Despite the group-velocity maxima and mini-
ma, the leaky-mode seismograms are relatively
simple. This is a result of the spectral peaking
brought on by attenuation. The PLxy mode has
onough low-frequency content to show measurable
dispersion. This is the “Continental” PL mode
of Oliver {1964}, The PLy» mode is commonly seen
in analog model studies (Gilbert and Laster,
1962a). The horizontal motion is somewhat more
complicated than the vertical, and dispersion is
not visually obvious. The PLx mode is only
slightly excited, and the measurabie arrivals occur
considerably later than the ptedicted arrival time.

Th= individual modes were summed to obtain

PARTICLE MOTION FOR M;,

EARLY

LATE

Fi:. 8. Pariicle motion for unfiitered shear mode My
at 30 cm from the source, Sei:mograms shown in
Figures 7.2 and 7.9. The seismograin starts at point
labelled 1 and ends at point labelled 3. The ieft and
right figures connect at point 2.
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the total seismograms (exclusive of the branch-
line integral and the small Organ Pipe modes).
The broad-band seismograms are shown in Figures
9.1 and 9.2. The most obvious events are the
large, low-frequency energy bands of PLy and M,
and the high-frequeicy pulse of M. For com-
parison with analog model experiments, the total
seismograms have been filtered to approxiriate
the model source spectrum (70--215 ke/sec). These
seismograms are shown in Figures 10.1 and 10.2,
For comparison, the analog model records are
shown in Figures 11.1 and 11.2. Both scts of
records show the PL» mode to be the primary
early arrival, a very complicated shear mode zonc,
and a distance dependent phasing at about the
arrival time of the refracted shear. Also, it should
be noted that a perfect transient behavior in the
theoretical seismograms still has not been
achieved.

DISPERSION MEASUREMENTS FROM THEURETICAL
SEISMOGRAMS
Attempts were made to measure dispersion of
PLz using the theoretically computed total seis-
mograms. In the first experiment, peaks and

troughs on the filtered vertical seismograms (Fig-
ure 10.1) were visually correlated across the dis-
tances 50 em to 70 cm. The peaks were numbered
on each trace, and the frequency was approxi-
mately given by

1 — -
ba(x) = taa(+)

The phase velocity was obtained approximately
from

falx) =

Xy — X
Cp = ———— -,
t,.(-x:;) - t,,(xl)
and the group velocity from

x
1,(x) '

The resulting points were plotted as shown in
Figure 12.1. This method of measuring dispersion
is quite crude as is seen from the results obtained.

A second, more sophisticated method zlso was
used to estimate the dispersion curve. The seismo-
gram was truncated just before the time of ar-
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rival of the shear refraction. The crosscorrelation
of the traces at 50 cm and 60 cm was computed
and its Fourier transform calculated. If a single
mode were presenit, the phase of this transform
would be just the phase of a 10-cm transfer func-
tion and the phase velocity would be computed
from the equation given in an earlier ection of
this paper. The results of making this assumption
are shown in Figure 12.2, There is seen to be much
less scatter than in the previous experiment, but
crrors of the order of two percent still occur. One
would be quite pleased with this if the data were
cxperimental. However, for the present data,
there is no visible error when the isolated PL=n
mode is used. The error seen in Figure 12.2 is
due partly to truncation and partly to the pres-
ence of other modes at low power levels. If the
array of seismograms was processed in such a way
as to reduce all the modes except P Ly, the results
would be improved greatly. In particular, trunca-
tion would no longer be necessary.

SUMMARY

The studies described here have shown the
importance of the leaky modes compared to nor-
mal modes. The most important single | iction
for the leaky modcs is the aitenuation, At large
distances, the leaky modes tend to hevyme more
and more peaked about a single frequency. It is
seen that none of the isolated modes has exact
transient behavior. Only at large distances is this

f

appreached. Finally, the utility of the transfer
function representation of dispersion has heen
demonstrated. The transfer function for a given
mode should be useful for describing local disper-
sion even in medels with nonparallel boundaries.
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APPENDIX B

NUMERICAL EXPERIMENTS IN THE ESTIMATION
OF FREQUENCY WAVENUMBER SPECTRA OF SEISMIC EVENTS
USING LINEAR ARRAYS
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NUMER ICAL EXPERIMENTS IN THE ESTIMATION
OF FREQUEMCY WAVENUMBER SPECTRA OF SEISMIC EVENTS
USING LINEAR ARRAYS

by A. Frank Linvitie* and Stanley J. Laster*®
Abstract

Studies in the measurement of frequency-wavenumber spectra of
transient events have been conducted using theoretical and analog model
data recorded along a 2l-element, inline array. Straightforward numerical
transformation assuming space stationarity, gives good definition of
the doainant (Rcyleigh) mode, but little information concerning higher
modes. The presence of spatial non-stationarity due primarily to cross=-
correlation between modes complicates the fine structure of the spectral
estimate. Averaging over redundant space lags is necessary to remove
this. Additional difficulties arise from side lobes due to use of the
finite length array. The amplitude of the side lobes can be reduced
by using a space lag window. In the present case this gives indications
of the higher modes, but these indications are so ill defined as to be
useless for determining dispersion. The effects of amplitude deviations

between channels are also studied.

*#Texas Instruments Incorporated, Dallas, Texas.




NUMERICAL EXPERIMENTS IN THE ESTIMATION
OF FREQUENCY WAVENUMBER SPECTRA OF SEISMIC EVENTS
USING LINEAR ARRAYS

by A. Frank Linville and Stanley J. Laster

I. Introduction

The most familiar representation of seismic wave propagation, in
terms of plane or cylindrical waves, is based on the solution of linear
partial differential equations by the use of Fourier .transform techniques.
Generally speaking, in models without lateral inhomogeneity the equations
of motion of the elastic solid and the appropriate boundary conditions
may be doubly transformed, with frequency and horizontal wavenumber
replacing the time and horizontal range variables. The problem is then
reduced to solving an ordinary differential equation dependent on the
depth variable. While this may be difficult in practice, it presents
no conceptual difficulty. The constants of integration are found from
the solution of a system of algebraic equations to give the formal
representation of the elastic disturbances in the frequency-wavenumber
(f-k) domain. Even in the presence of lateral inhomogeneities; this
“plane wave'' approximation may be valid at high frequencies.

The chief practical difficulty arises because one wishes to compare
the theoretical solution directly with the experiment, a step that requires
the evaluation of two inverse transforms in order to return to the time-
space domain. Because the resulting integrals cannot be expressed in

terms of known integrals (except in rare cases), one is led to consider




approximate inicgration techniques, particulaily asymptotic methods
appropriste to high frequencies and large horizental ranges. However,

an alternative approach can be taken. One can Sgerate on the experimental
Aata tc change it into a form suitable for direct comparison with the
theoretical frequency-wavenumber representation. This has the distinct
advantage that while the total effort expended is unchanged, the amount
of effort expended on a given theoreiical hypothesis (which may be
incorrect) is zreatly reduced. The present paper describes investigations
of the problems associated with *this estimation of the frequency-wavenumber
spectra of experimental data. To simplify the computations znd display

of results only inline arrays are considered, but rzsults using arrays

of other geometry will be similar,

Ther2 are several cbvious reasons for computing freque.cy-wave-
number spectra. If very good spectral estimates can be obtained, the
dispersion curves for the earth model can be determined directly and are
the raw data for the "inversion' technigques presently in use. The
exact spectrum for a normal mode in an idealized model is a weighted
Dirac delta function distributed along the dispersion characteristic
in the frequency-wavenumber plane. The weighting factor is just the
excitation function for the mode. Because of leakage, the ideaiized
leaking mode spectrum i< continuous but strongly peiked along the dispersion
characteristic. In real models, it will be found t'.at the spectra “or
both kinds of modes ire continuous functions peaked along the
dirpersion curves. This is true because of Inelastic attenuation

and inhomogeneities in the model.
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With the capabilities of the arrays presently in use, it is doubtful
that dispersion curves can be determined directly from f-k spectra. In
this case, the frequency-wavenumber analysis serves as an explorato:ry
tool which can give quick estimates of the gross structure and serve as
e guide for designing mode separation filters whose application can
give precise estimates of the dispersion. (Lac:er and Linville, 1966)

Tt is obvious that frequency-wavenumber spectra could be determined
exactly if an infinitely long array and an unlimited time span
were used for recording. In :hat case, a straightforward 2-dimensional
(numerical) Fourier transform could be performed. Because of the
necessity of sampling the data in space and time, alias points will
be found in both frequency and wavenumber. This is not usually a significant
problem since the unit cell in the frequency-wavenumber (7-k) plane
can be made as large as desired by decreasing the sample spacing. This
unit cell mav be chosen in a number of ways, but here it will be

defined such that the alias frequency and wavenumber are respectively
f =1/2 At and k = 1/0x .
n n

The necessity for using a finite time gate is not a strong restriction.

If the seismic events are coherent propagating events from a well-

defined source, there is significant motion in the neighborhood of a

given receiver only near the arrival time of the wave train for that

scurce-receiver distance. Short time cates may be used if the time

origin i- redefined at each receiver. When recording ambient noise,

much longer time gates are necessary, but no conceptual difficulty

occurs in obtaining this. However, in order to test the time stationarity s

of ambient n-~ise many independent samples may be required.
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The use: of finite spatial arrays introduces most of ithe problems
found in f-k analysis. With short arrays, it is no longer acceptable
to perform straightforward Fourier *+ .nsforms. The space-time signal
obviously does not vanish outside the limits of the array* nor does it
repeat itself in a periodic manner. Without recourse to statistical
methods, it is difficult to characterize the behavior of the signel
outside the array. The most useful statistical assumption endows the

signal with the property of space stationarity, i.e., it is assumed

I
|
!
l
|
l
that the crosscorre’ation of time signals at two receivers depends only ‘
on the space separation of the re eivers but not on their absolute
location. That is, any group of seismometers specifies the signal corre- '
lation at any point which can be represented by a vecter (direction
and distance) between two seismometers in the array. For space stationary ‘
signals, it is necessary only to perform the 2-dimensionai Fourier
transform operation on a non-redundant set of crosscorrelations from l
the array; i.e. only one autocorreiation need be used, one crosscorrelation l
between receivers a unit distance apart, one crosscorrelation between
~eceivers two samples apart, etc. Still, a truncation of the 2-dimensional l
correlation function occurs because only those space lags which correspond
t

to s.parations less than or equal to the length of the array can be

computed. This means that the f-k spectrum which we compute has been

*0One exception to this does cccur. When estimating the frequency-
wavenumber response of multichannel (space-time) filter systems. the
signal (impulse response of the filter system) obviously does vanish
outside the limits of the array. Here straeightforward two-dimensional
Fourie: transforms give the correct arnswer and exp:ns.on in correlation
space is unnecessary.
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obtained from the correct f-k spectrum of the infinite length, two-
dimensional correlation function by implicit convolution with a
window function (Blac .man and Tukey, 1959).

Truncation in space (use of a finite array) and truncation in
time correspond to multiplication by a lag window which is a step
function in space-time. The double Fourier transform of the seismic
disturbance is thus convolved with the spectral window function

s;?n(?gtﬁ:% ::: %g:zeg) s where N is the number of elemenis in the array

and M is the number of time points used. This convolution is undesirable,
but results automatically from the use of a finite length array. It gives
rise to side lobe effects whereby strong peaks in the two-dimensional
spectrum influence the estimates in other regions of the f-k domair. In
this paper the time functions used are long enough (250-500 time samples)
that the factor 2&?;‘%#%%%% cavses little difficulty, It has nit
amplitude at f = O and at multiples of f = %;—. Elsewhere it has very
small, clocely spaced side lobes. The two arrays used in this paper
have 21 and 12 elements with 1 cm spacing. This gives rise to side iobes
wi th spacings of approximately .05/cm and .08/cm respectively.

A signal consisting of a single :vent with constant velocity V is
represented by a Dirac delta function along the line f = kV paésing
through the origin in the f-k domain. Estimation of the spectrum of this

signal using a finite array and finite tim2 span yields

E(f, k) = f W(G)U(F - kV + Vo) da,

where W(k) is the spectral window due to truncating the array and U(f)
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is the spectral window due to using a finite time span. Writing V(f) = UG;L
we see that the expression for F(f,k) is just the crosscorrelation between

F(F,K) = 8, £ j wo(o + ) o

If an unlimited time span were used we would have V = &(f), so F(k, f) =
Wik - %). That is, the estimate of the single velocity signal would be
just the spectral window of the finite array, rotated so that the central

lobe iies along the line f = kV. If the length in time of the data is

much longer than the array length, the spectral e-.timate will have approximately

this form. In all practical cases W and V will have a similar appearance
and the maximum of the crosscorrelation will be QN’V(O). Thus the
combined spectral window will possess a maximum or ‘'central' lobe along
the line f = kV. Also, side lobes will appear which are parallel to
this line, Dispersive events are characterized by curved lines in the
f-k plane, so the effects of the window are more difficult to assess.
We might note l.ere that the side lobes arising from the use of a
finite array are diffraction effects analogous to those encountered in
optics due to light falling on a narrow slit. The aliases of the
central lobe may also be considered as side lobes, but these are
analogous to the higher order optical spectra produced by a diffraction
grating, and are due to the periodic spacing of elements in the array.
An unequally spaced array may have no true alias points (for example
when the various receiver spacings are incommensurable), but ‘pseudo-
alias' points usually occur if the spacings are even approximately

equal, When, as in the present paper, the horizontal seismic wavelength

i
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is greater than the inter-element spacing the diffraction effects
predominate. However, if the wavelength is much shorter than the
spacing, alias side lobes predominate and unequally spaced arrays are

almost always required in practica.

II. The Data

The aforementioned technique was used to compute the frequency
v.avenumber spectra for two sets of data. The first of these was a
set of theoretical seismograms computed for a model consisting of a
single layer over a half-space, while the second consists of a set
of analog model seismograms for the samemodel (Laster, Foreman, and
Linville, 1965). The two sets of seismograms are shown in Figures
1 and 2. The Rayleigh mode dominates both sets of data. However,
leaking modes and shear modes can be seen in the early portion of
each record. The analog model data has a low frequency cutoff due to
the model source spectrum, which explains the difference in appearance
of the two sets of data.

The frequency wavenumber characteristics which one would ideally
obtéin for the theoretical data are shown in Figure 3. The same curves
are alco known to be approximately correct for the experimental data.
These curves of course, give no indication of the amplitude distribution

along a characteristic (i.e., the excitation function). The latter

information is shown in Figure 4.

ITI. Estimation of the Spectra

The initial frequency-wavenumber spectral estimates for the two

data sets are shown in Figures 5 and 6.% |%.e -un-redundant correlations

#Note to Reader: Generous use of one or two colored pencils will
make the f-k plots in this paper easier to interpret.
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were obtained wherev.r possible by correlating with channel 1. For the
experimental data dead traces prevented this for some space lags.

The array had 21 elements and was 20 cm long. Using the approximate
scaling 20 km (real earth) = 1 cm (model), it is seen that this is a
very large, 400-km array. The time sample was 1 usec (which scales to

about 2 sec) and 500 time lags were used in the correlations. Tn

Figure 5 which shows the spectra for the theoretically computed seismograms,

the Rayleigh wave stands out sharply. The first alias of the Rayleigh
mode can be seen starting at 200 kc and zero wavenumber. The other

six modes are not well defined. It is questionable as to whether the
subsidiary peaks represent the higher modes or side lobes of the Rayleigh
mode produced by using a finite-length array.

The spectrum in Figure 6 was computed from the experimental analog
model seismograms using the same array configuration. Here again, it
is seen that the Rayleigh wave stands out sharply and that there is
close agreement bz=tween the Rayleigh velocities in the zxperimental and
theoretical models. No strong evidence is seen for identifying the
higher modes in the experimental f-k spectrun.

To obtain some estimate of the Rayleigh side-lobe pattern, the
frequency-wavenumber spectrum was computed for the Rayleigh mode alcne
using correlations computed from the theoretical Rayleigh mode seismograms.
Again, 21 channels were used, but only 40O time lags were used instead

of 500. This should produce negligible differences. The resulting

spectrum is shown in Figure 7. It is similar to the spectrum for the

total seismogram except for being somewhat smoother. Comparison of
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Figures 5 and 7 permits determination of the effects of the higher
modes. It is seen that the peaks near 55, 90 and 130 kc probably are
real expressions of the flrst shear mode. Unfortunately, it is not
possible to perform thls same experiment for the experimental data
because the isolated Rayleigh mode is not avallable.

It is obvious that the curvature of the Raylelgh f-k characteristic
produce:s measurable effects, since the lines of equal power are not, in
general, parallel to the dispersion characteristic. (The individual
side lobes are not seen with the resolution used here.) The effects are
most pronounced at low frequencies where the curvature is greatest.

Tha low power troughs near 50 and 7O kcps were not expected. It was
first thought that these are part of the side lobe structure associated
with the peak in power at 60 kcps. This peak in power is the Airy Phase
of the Rayleigh mode. Subsequent studies showed that this is not an
adequate interpretation.

The feal.cause of these low power areas may still be questioned, but
it is thought that they result from a disparity between the side lobe
spacing and the spacing of the computed points in frequency and wavenumber.
Thus, along a line of constant wavenumber, the first few frequency points
sampled fell near side lobe peaks, but subsequent samples fell ;n the
flanks of the lobes and flnally in the valley between lobes. As this
process was carried further, the sampled points began to rise up the
flank of the next lobe and finally again fell on a peak. With the
complicated side lobe structure found in the present examples, this

can give rise to the kind of low powe. areas observed. It should be




noted that these low power regions do not occur in the spectra computed
using shorter arrays, and thus having greater side lobe spacing. This
suggests that the spaéing of computed points in spectra from long arrays
must be carefully chosen in order to yield a meaningful representation.
In order to see more clearly the effect of curvature on the side
lobe pattern, the spectra for the Rayleigh mode and for the total theoretical
seismogram were recomputed using a 12 element arvay (11 cm. long).
These are shown in Figures 8 and §. The side lobes are now readily
apparent, but the cverall pattern is scarcely affected, except for absence
of the low power regions near 50 and 70 kc.
It is obvious that the techniques presented must be modified to
observe adequately the higher modes. A number of points need to be
considered. Probably the most successful method would be to process
subarrays in such a fashlon as to remove the Rayleigh wave (which has
been seen to be well-defined). If a k-channel subarray processor were
used, five independent outputs could be obtained from the 21 elements
whose f-k spectrum could be computed, but side lobes would still be a
signlficant problem. .
More direct approaches have been studied here using the entire arréy.
First, it should be observed that the signal from a well~defined finite
source is not stationary. This is true for three reasons: 1) because
of cylindrical spreading, the crosscorrelations for a single mode depend
rot only on receiver separation but also on distance from the soqrce;
2) besides cylindrical spreading, the leaking mode correlations are

affected strongly by frequency-dependent leakage; 3) between the various

normal and leaking modes, there is significant crosscorre: ation which
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is strongly dependent on source-receiver distance. All three effects

may be removed by averaging the correlations for a given space lag

over an ensemble of source-receiver distances. Thus, for a giver array,
all autocorrelations are averaged, all crosscorrelations betwzen adjacent
receivers are averaged, etc. This scheme suffers from the defect that,
for a finite array, the number of correlations available for averaging
decreases as the space lag (separation between receivers) is increased.
An alternate but better approach is to average correlations for events
from a number of different sources located at various distances from

the array.

Both our experimental and theoretical data were obtained for a
single source 50 cm from the near-end of the array. However, ensemble
averaging can be simulated for the theoretical data since the correlations
for the individual modes are available, having been computed from the
individual mode seismograms. The individual mode correlations were
averaged to obtain the ''‘ensemble average correlations.'” Two simplifi-
cations occurred. First, the theoretical seismograms were computed
for a 2-dimensional model so no cylinderical spreading occurred.

Second, at the distance: used, the leaking modes a2lready are strongly
peaked in spectrum and any additional leakage effect is small. This was,
in fact, neglected. The f-k spectrum for the average or ''uncoupled"
correlations is shown in Figure 10. For reosons of economy, a 12-
channel array (11 cm long) was used. Compare this with the spectrum

for the total seismogram using the 12-channel array (Figure 9).

The following conclusions may be drawn.
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The average or uncoupled spectrum is much simpler than the
""'single-source'' spect.um, particularly in the region where higher
modes would be expected. There is littie indication of the individual
higher modes but these are almost certainly obscured by the side lobes
of the Rayleigh mode. 1Indeed, it seems likely that the only indication
of the hig wodes is in the smearing of the otherwise clean side=lobe
pattern,

Al though some indications of the higher modes are seen in the ''single-
source'' spectrum, the data are very difficult to interpret in terms of
dispersion curves. This indicates that the chief expression of the
higher modes is found in the crosscorrelation between these modes and
the Rayleigh mode. Computations have shown the crosscorrelation between
higher modes and the Rayleigh mode to be an order of magnitude greater
than the autocorrelations of the higher modes.

Obviously, the higher mode spectre could be interpreted more
2asily if they could be observed in the uncoupled spectrum. This
suggests an attempt to reduce the side lobes of the Rayleigh mode. Such
a reduction in side lobes is always gained at the expense of broadening
the central peak. In the present case, we could accept some broadening
because of the sharpness of the Rayleigh mnde if there is sufficiently
large separation between modes. Such a technique should not be used
where two large events with small wavenumber separation are expected.
Reduction of side lobes and resultant broadening of the central peak
are achieved by using some lag window other than the simple steo function

(truncation). The window choser here is the Bartlett window (Blackman and

B-12
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Tukey, 199), whereby the weight or significance attached to a
crosscorrelation decreases linearly with increasing space lag (no

change was made in the time window). It should be noted that this

is the window obtained if one simply computed all possible crosscorre-
lations obtainable with the given array and summed correlations with

the same space lag. For the Bartlett window the first side lobe is

down 12 db compared to the central lobe height as opposed to 7 db for
the step function (truncation window). But the Bartlett central lobe
half-width (wavenumber distance between peak and half-power points) is
about .030/cm as opposed to .017/cm for the truncation window. One
unfortunate result of this is that the first side lobe is displaced
farther in wavenumber from the central lobe. Thus while the side lobes
of the Rayleigh mode will be reduced by using the Bartlett window, they
will be moved nearer the shear modes, sc that even more interferance
could result. However, in order to see if any improvement could be
obtained, the window was applied to the theoretical data and the spectrum
computed (Figure 11). The results were considerably better than antici-
pated. There is some reason to believe that the -12 to -18 db regicns
for frequencies above the central Rayleigh lobe may represent the higher
modes. One reason for believing this is the absence of similar regions
for frequencies below the central Rayleigh 'obe. However, these regions
of relatively high power are so broad as %o be essentially useless for
determining dispersion curves. However, such results would be useful
for the design of mode separation processors. Other windows could be

used, but similar results would be expected.
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One final problem not previously tcuched uoon is the groblem
of channel to channel equalization. All receivers in an array would
not be expected to have identical response. In addition, the variable
coupling to the ground and small scale local geclogic inhomogeneities

would tend to upset the predicted amplitude relation between channels.

To test the effect of this on frequency-wavenumber analysis the ccrrelations

for the 12-channel array were scaled by the random weights shown in
Tabie 1. This is similar to the effects cbserved in the analog model
due to rezeiver coupling. The corresponding f-k spectrum is shown in
Figqure 12. Widely spaced peaks in power are observed. (This figure
should be compared to Figure 10.) While the results .were not as bad as
had been expected, they are sufficiently in error to upset the higher
mode structure of the estimated spectrum. An attempt was mace to
improve the experimental spectral estimate by using an empirical
equalization technique. All channels were normalized to have the
same total power. The recomputed spectral estimate is shown in
Figure 13. Some improvement was noticed but the overall spectrum is
only slightly changed. The equalization weights are shown in Table II.
It may be noted that ensemble averaging over correlations between
various pairs of receivers would reduce this effect, while averaging
the correlations between a fixed pair of receivers for events from

various sources would maximize the effect. The best procedure seems to

be equalization of the various receivers on a mear power or mean amplitude

basis. It should be observed that, in practice, the observed gain
di fference may be frequency-dependent so that equalization requires a

set of filter operators rather than a set of weights.
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TABLE I

Random Scale Factors Applied to Theoretical Traces

Distance Scale Factor
,t
S5k 2.0
»E 55 2.0
; 56 0.3
| o7 3.3
g 58 2.7
59 2.3
60 1.0
61 0.4
62 0.k
63 1.6
64 0.8
65 0.7
)
—e———— = S— - <
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cqualization Factors {or Experimental Data (21-Element Array)

Correlaticn

1X11
1X12

1413

1X15
1X16
1X17
1x18
1X19

1X20

TABLE II

Equalization Weights

1.1025
1.2301
1.6784
1.17i8
1.0778
1.6105
2.4249
1.8046
1.6826
1.6132
1.4099
1,0884
1.7938
1.8075
1.3593
1.1456
1.075k
1.0009
1.0098
1.2126

1.2033

o ]




IV, Summary

Because of the nature of the data used, the present study has dealt
primarily with the estimation of the f-k spectra of small events (the
higher modes) in the preser.e of a very large event (Rayleigh mode).
Only events from a «inale well defined source were considered. The
results bartially appiy to estimation of ambient noise spectrum, but
some significant differences will occur which have not been considered
in this paper.

The significance of the spectral window (side lobe structure) for
a given array is well known. However, the present study has also
indicated significant effects due to the action of the spectral
window on the curved #-k characteristic of a dispersive event. In
this case the trend of the side lobes will not in generai be parallel
to the central lobe.

A second effect of oreat importance is the non-stationarity of the
total signal from a well defined source. The chief cause of this is
crosscorrelation between modes. The dominant expression of the higher
modes is found in their crosscorrelation with tne Rayleigh mode.
However, this is very difficult to interpret, so> that such coupling
should be eliminated wihierever possible by ensemble averaging o:er
ensembles of sources or receivers. For this reason an array with high
redundancy is desirable.

Another effect, amplitude differences between channels, also can
be overcome by averaging over redundant receivers. The effect of
amplitude diffeiences is similar to that obtained by applying a

spatial lag window, although in this case the weights are random.

B-17




This may sometimes produce large anomalous peaks in the spectral estimate,
though in the present case the effect was not so severe as expected.
Finally, the use of spatial lag windows was studied hriefly. For
the arrays shown here and the closely spaced signals, these windows
were found to be undesirable. Indications of the higher modes are seen,
but are so ill defined as to be useless for dispersion estimation. In
fact, the primary reason for the assumption of space stationarity is to
eliminate implicit use of one such window--the Rartlett window. On the
basis of the present studies the assumption of space stationarity appears

highly desirable, even if it must be justified by ensemble averaging.
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Figqure

10

Title

Theoretical vertical seismograms., The distance range is

50 to 70 cm.

Experimental vertical analog model seismograms. The distance
range is 50 to 70 cm. Small timing lines represent 10 usec.
Frequency wavenumber characteristics of the'theoretical modes .
Relative power spectra of the theoretical modes at 50 cm
distance from the source.

S~- .-al estimate of theoretical data using 2l-element array.
The numbers within the contours represent decibels down from
maximum amplitude.

Spectral estimate of experimental data using 2l-element array.
The numbers within the contours represent decibeis down from
maximum amplitude.

Spectral estimate of Rayleigh mode using 2l-element array. The
numbers within the contours represent decibels down from
maximum amplitude.

Spectral estimate of Rayleigh mode using 12-element array. The
numbers within the contours represent decibels down from
maximum amplitude.

Spectral estimate of theoretical data using 12-element array.
The numbers within the contours represent ¢:cibels down from
maximum ampli tude.

Spectral estimate of uncoupled theoretical data using 12-element
array. The numbers within the contours represent decibels down

from maximum amplitude.
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Figure
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Title

Spectral estimcte of thewretical data using 12-element array

with Bartlett spatial lag window. The numbers within the contours
represent decibels down from maximum ampiitude.

Spectral estimate of theoretical data using 12-element array

and random receiver gains (see Table I). The numbers within the
contours represent decibels down from maximum amplitude.

Spectral estimate of experimental cata using 2l-element array
with equalization factors. The numbers within the contours

represent decibels down from maximum amplitude.
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Figure 4. Relative Power Spectra of the Theoretical Modes at 50 ¢m
Distance from the Source
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Figure 5. Spectral Estimate of Theoretical Data Using 21-Element Array.
The numbers within the contours represent decibels down from

Maximum Amplitude.
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Figure 6. Spectral Estimate of Experimental Data Using 21-Element Arrav.
The Numbers within the Contours Represent Decibels Down from

Maximum Amplitude.
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Figure 7. Spectral Estimate of Rayleigh Mode Using 21-Element Array.
The Numbers within the Contours Represent Decibels Down from
Maximum Amplitude.
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Figure 10. Spectra! Estimate of Uncoupled Theoretical Data Using

12-Element

Array. The Numbers within the Contours Represent Decibels

Down from Maximum Amplitude.
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Figure 11. Spectral Estimate of Theoretical Data Using 12-Elernent Array
with Bartlett Spatial Lag Window, The Numbers within the
Contours Represent Decibels Down from Maximum Amplitude.
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APPLICATION OF MULTICHANNEL FILTERING FOR THE
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APPLICATION OF MIULTICHANNEL F!LTERING FOR THE SEPARATION
OF DISPERSIVE MODES OF PROPAGAT!ON*

by Stanley J. Laster+ and A. Frank Linvil|e+

This paper discusses the results of multichannel mode separation
studies using both theoretical and analog model seismograms. Unlike
conventional velocity filtering, the mode separation technique makes
use of the fac* that for dispersive modes the phase velocity is
freauency dependent. Other information, such as modal ampl.tude and
the relation between horizontal and vertical components of motion,
can be included in the filter design. JTn the present study two processors
are considered. One, having 9 charnnels, makes use of only the freauency-
velocity relationships, while a second (6 channels) &lso uses two
component information. A description of the filter design and the

results obtained from applying these fiiters to the data are given.

*Presented in the Section of Seismology, 46th Annual Meeting of the
American Geophysical Union, Washington, D. C.

+Texas Instruments Incorporated, Dallas, Texas.
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APPLICATION OF MULTICHANNEL PROCESSING FOR THE SEPARATION
OF DISPERSIVE MODES OF PROPAGATION

by Stanley J. Laster and A. Frank Linville

-+ Introduction

The use of normel modes to represent the propagation of elastic
waves at large horizontal offse. is well-known. By addition of the
relevant leaking modes, the mode theory has been shc.n to be us.ful for
representation of the seismograms at shorter range. In any casc the
method is most applicable when the dominant wavelength of the elastic
Jisturbince is much larger than any pnysical dimension in the earth
model, for then the successive ray arrivals cannot be distinguished
and Lthe seismogram has the ringing appearance peculiar to interferance
phenomena.

s unique characteristic of a ‘‘mode'' of propagation is the frequency-
phase velocity (or frequency-wave number) relationship. The phase
velocity, as defined 1ere, is simply the apparent moveout velocity
between closely spaced receivers. Another parameter of interest is the
group velocity, defined as the average velocity of travel {for each
frequency) in the sense of total distance traveled divided by elapsed
tine. Two or more modes may partially overlap in frequency, phase
velocity and group velocity, but no two mudes agree completely in the
dependence of phase and group velocity on frequency. If all the physical
constants of a plane-layered model are known, the frequency-phase velocity

relations {(dispersion curves) may be computed theoreti-ally. Similarly,




if the dispersion curves for an earth model are known, methods havae
been developed to approximately recover the elastic parameters of the
mode! (Anderson, 196k),

This paper is concerned with the problem of measuring modal
dispersion curves from experimental data. If a single isolated mode
could be recorded by a set of seismometers at large horizontal offset
from the source, it would be a simple matter to recover the dispersiorn
curve simply by visually correlating ''events' (peaks, troughs, or axis
crossings) across the array of seismograms. An apparent frequency and
phase velocity for each event could be measured directly. At short
distances, the dispersion of a single mode is not visually obvious
although the dispersion curve may sti!l be recovered by use of Fourier
transform methods. However, direct determination of the dispersion
curves from the total seismogram is more difficult, so that separation
of the modes is usually necessary. The obvious bases for separation
are arrival time, frequency content, and phase velocity, although one
can alsc use depth dependence of the various mcdes and the relation
between horizontal and vertical components of motion for each mode. Sepa-
ration by arrival time (group velocity) has long been used in earthquake
seismology, while separation by frequency filtering is common in exploration
seismology. Neither method is completely adequate. Except in these
two simple cases all the above methods of separation require multichannel
recordings of the elastic disturbances.

In the present paper we consider the measurement of dispersion

curves from modes separated by using two different array procassing schemes.
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In the first case a nine element inline array is used to separate the
various modes on the basis of known frequency-wavenumber and amplitude
relationships. Realizing, however, that this array is not typical of
actual arrays now in use, we devised a second scheme by which the inline
horizontal and vertical components of motion at three spatial locations
were combined, again using known frequency-wavenumber and ihurizontal-
vertical relationships. This six channel process could be implemenrted

using data from standard earthquake stations.

II. Description of Data
The data used in the present study consists of theoretically computed
seismograms and analog model seismograms for a simple model consisting of

a brass layer over a steel half-spacs {Laster, Foreman, and Linville, 1965).

The dispersion curves for this model are shown in Figure 1. In the frequency

band of interest, determined by the source spectrum of the analog model,
there are three leaking (PL) modes and four normal (trapped) modes. The
various modes are seen to overlap in frequency, phase velocity and group
velocity (arrival time).

A complete specification of the elastic disturbance requires a
description of the amplitude of the various modes. The reiative amplitudes
depend on the depth of source and receiver, both of which are assumed to
be on the surface (top) of the model. In addition, since the leaking modes
radiate energy into the half-space, the relative amplitude depends on the
absolute source-receiver dis.ance. The relative power spectra for the

seven modes is shown in Figure 2 for the source-receiver distance 50 cm.
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The fundamental Rayleigh mode is seen to overwhelm the other modes at all
frequencies. In addition, it is seen that the PL modes have very sharply
peaked frequency spectra, the peaks of which correspond to minima in the
attenuation functions. In Figure 3 are presented the theorctically computed
individual modes and their summation {the total seismogram) and, finally,

in Figure 4 the experimental analogue model data for the distance range
ou=70 cm. The source spectrum of the model embraces only the frequency
range 50-250 kc, which explains the difference in appearance between the

theorctical and experimental data.

III. Measurement of Dispersicn

The description of modal propogation is particularly simple for
propagation between two identical receivers on the surface of the model.
One may speak of a ''transfer function' which operates on a single mode
at one distance to change it into the seme mode at greater cdistances. In
twc dimensions, this transfer function is independent of source-receiver
distance and depth of source. The transfer function for the total seis-
mogram, however, is very complicated and changes rapidly with source
receiver distance. For normal modes in our two dimensional model the
(frequency domain) transfer function is a pure phase distortion which

tends to stretch out the seismogram in time. If this function is

i@
represented as e , then the phase shift 6 is given by
anf
e(f) = - ET?) Ax,

vhere f is the frequency, Ax is the distance between receivers and c(f) is
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the frequency dependent phase velocity. For leaking modes the transfer
function contains an additional factor e-sx, where s(f) is the frequency
depender t attenuation.

Measurement of dispersion is thus seen to require estimation of
8(f), the phase of the transfer function. For a single, well dispersed
mode one might measure this phase shift directly from the seismogram,
since the seismlc signal approximates a sine wave during each small time
interval. This, of course, requires visual trace to trace correlation of
peaks and troughs. This method is not sc useful at short offset where
the dispersion mechanism has not sufficiently separated the various
frequency components. Nor is it useful when there is significant noise
on the seismogram. Noise may consist either of ambient energy from random
suurces, or signal scattered by imperfrections i:, the model., Either of these
will tend to destroy the visual correlation.

A better method requires the computation of the crosscorrelation
function between traces. The cross power spectrum, which is the Fourier
transform of the crosscorrelation function, for a singie mode recorded &t

two receivers is just
. onflAx

$(F) = 1Al e ¢

wheie A is the amplitude spectrum (excltation function) of the mode. The
phase of the cross power is seen to be the same as the phase of the transfer
function. This method has the advantages that the frequencies need not be
wel’® dispersed anu chat random noise tends to be cancelled out in the
correlation process. Numerical computations of crosscorrelation functions

and Fourier transforms are relatively simple with modern electronic computers.




As an example of the use of the crosscorrelation technique, dispersion
curves were computed for the experimental analogue model seismogram of
Figure 4, In an attempt to obtain single modes the seismograms were
separated on a travel time basis into a leaking mode segment, shear mode
segment, and Rayleigh mode segment. The correlations, Fourier transforms
and finally phase velocities (shown in Figure 5) were then computed. The

timate of the Rayleigh mode is excellent over the whole frequency band
of the source. The two shear mode curves were adequate over narrow bands,
but part of the curves could not be obtained since they overlap the Rayleigh
mode in both frequency and group vclocity. The PL mode curves are poor.
Using di/ferent pairs of traces gave somewhat better PL results, but less

acceptable shear mode curves.

IV. Mode Separation Filter Design

The equations defining a multichannel processor to separate dispersive
modes of propagation may be formulated either in the frequency domain or
in the time domain. Each method has its advantages and disadvantages. We
have made use primarily of the time domain formulation, but for completeness
both methods will be explained and compared.

The frequency domain formulation results when one attempts to find a
set of m filters Yj(f) j =1,2,3...m, which may be applied to m seismometer
output- to extract a particular mode with cross~-power statistics Sij from
the i vfering modes whose summed cross-power statistics are represented

by Nij(f). The filters are found from the solution of matrix equation (1),

mxm mnxl

[$7,(F) + N}, (O1 ¥, ()] = [s] (D], (1)

where the asterisks denote complex conjugation.
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This equation, which results from the stendard requirement that the

mean squared error be minimized, is to be solved for every frequency. However,

in practice, it is not possible to treat the freauency as a continuous
variable. Instead, the filters Yj(f) are computed at a finite number of
closeiy spaced frequencies f = nAf where n = 1,2,...N. The corresponding
time cperators to be convolved with the input channels are then obtained
by performing the inverse Fourier transform operation on [Yj(f)]. Solution
of equation (1) is not difficult, as it requires only the inversion of an
:xm Hermitian matrix. The use of 30 or more channels is not unreasonable.
Also, any number of frequencies can be used, since the solution at any
frequency is independent of the solutions at all other frequencies.

Because of the sampling in the frequency domain, the time operators
designed by this method are infinitely long, periodic time functions.
Use of one period of the operators implies that the filter spectra satisfy
the matrix equation exactly at the points f = AAf =nd have values obtained
by use of a particular interpolation formula between these frequencies.
This is ordinarily satisfactorv in most gpplications. Unfortunately, it
has been found that a sing'e period of one of these mode separation filters
does not approximate a transient function. The filters show sizable
jumps at the truncation points which lead to larger-than-desired errors
in application. Use of more frequencies with closer spacing allows design
of longer f!lters which have smaller truncation errors, but the separation
error never quite decreases to the level desired.

A more reasonable approach to the problem is to minimize the mean
squared error subject to the constraint that the filter operators vanish

outside some time interval, i.e.
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®
j_mEj(f) e ar =0 for ({52
Obviously, now the solutions at all the frequencies f = nAf cannot be
independent. While the problem can be formulated in this manner it is
simpler to design the tilters directly in the time domain since the con-
straint is a time domain criterion. In the time domain, the system of m

filters, which yield the minimum mean squared error for a fixed filter

length r, is given by the solutions Y (t) of the equation

[W")] [yj(w)] - 8 ()

where Léij(‘r)] is the rmxrm matrix of crosscorrelations of signal plus
noise, [}j(Ti} is the rinx1 matrix of filter operator points and [}EO(T{J

is the rmx1 matrix of signal crosscorrelations between thc input channels
and the output channel. For long filter operators and a large number of
charnels, this equation is difficult to solve, and high numerical accuracy
is required. However, it should be pointed out that the [:éij(?i] » Since
it represents a space-time correlation function, will never be singular.
Some special features can be built into the filters to make them
more realistic. It is generally observed that a small amount of uncor-
related (random) noise is present in every channel of any real data.
Since the power spectrum as a function of frequency for this component
usually is not known, it is generally assumed white (a constant). This
can be introduced into the frequency domain filter design by adding this
constant to the diagonal elements of the cross-spectral matrix. In the

time domain design, it is introduced by adding a delta function of the
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appropriate height to the zero lag values of the autocorrelation for
each channel. 1In designing the filters, random noise to the extent of
about one-tunth percent of the maximum Rayleigh power was addesd; i.e.,
the random noise was 60 db down from the peak. A second difficulty
occurs in practice because of random «ifferences in receiver gains
between channels. This appears as spatially uncorrelated noise, the
wavanumber spectrum of which may be assumed constant. Nole that the
description of random receiver gains includes within its scope the
decay of the leaking modes with range. This kind of noise is introduced
by scaling up the diagonal elements of the cross-spectral matrix (fre-
quency domain design) or by scaling up the autocorrelations \time domain
design.) Addition of noise degrades filtar response, but greatly extends
the applicablility of the processor.

In many cases the initial knowledge about the physical model may
be scant, or the model may be known to change within the region of
interest. To account for this the mode separation processor may be
designed to pass energy lying in a band about the desired mode charac=
teristic. This is achieved by computing the weighted average of the
cross-power or correlation statistics in the pass band, the weighting

function being just the probhability distribution of the possible models.

V. The 9 Channel Mode Separation Processor

A. The Filters

The formulations were used to design the best 9-channel (see Fig. 6)
time domain (convolution) operators to pass, in the least mean square
sense, one mode and reject the others. Channels to be used /ere chosen

so that no dead traces In the experimental data would be used.
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Filters were designed in the frequenrcy domain at 10 kc frequency
increments, for the range 0-250 kcps. The auto and cross power spectra
were theoretically computed for each mode and then the results for all
modes stacked. The spectra were averagﬁd over an ensemble of possible
models to allow for errors in an original estimate. Figure 7 shows the
the pass and reject bands, depending on which mode is considered to be
the signal. The column vector containcd only cross power spectra of the
signal. The inverse Fouriei ransform operation was applied to the com-
puted filter spectra vbtained by solving the matrix equation, and the
time operators thus obtained were 4L0Ous long with a time sampling interval
of 1 us.

For tnhe filter formulation directly in the time domain correlation
statistics are required. Two correlation matrices are necessary for the
design of each set of mode separation filters. The left~hand correlation
matrix consists of all possible auto- and crosscorreiations of the signal
mode plus interfering modes for channels 1 through 9. The right matrix
contains just the desired mode at channels 1 through 9 correlated with
itself at the chosen output distance (channel 5 In this case).

It was initially assumed that the signal and noise ware space
stationary, i.e., that the crosscorrelations depended only on the channel
separations but were independent of absolute channel locations. In a
2-dimensional model, this is true for the normal mode taken individually
and is approximately true at great distances from the source for the
individual leaking modes. In the present case for a space stationary

process, the left-hand matrix contains 12 nonredundant correlations.
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The - v -e computed simply by correlatina the seismograms at channels

with the .ppropriate space separation. Realizing that decay of the leaking
modes causes some nonstationarity, an atiempt wes made to use channels
distributed approximately uniformly over distances between the two desired
output distances. The matrix of correlations is shown in Figure 8. It

was found, however, that filters could not be designed using this corre=
lation set, indicating that this estimave of the matrix [Qij{T}] was non-posi;ive
definite. Since checks shoved that the operations had indeed been performed
correctly in computing the set of correlations, it was concluded that the
correlations chosen to form the nonredundint set did not constitute a
consistent space-time correlation function.

The probable reason for this strange behavior was finally inferred
from Figure 8. These currelations have considerable amplitude at large
lags, a behavior which, in genzral, tends to cause some difficulty in the
matrix inversion. Studies have shown that the auto- and asscorrelations
between cnannels for any single mode do not show this behavior, so one is
led to believe that the difficulty may have been due to large cross~
correlation (coupling) between modes. Coupling between modes is a form of
nonstationarity (in space) because the crosscorrelation between modes
depends strongly on the absolute locations of the channels as well as on
their separation. This effect severely restricts filter design if the
crosscorrelation between modes is large, and computations have shown in
the present model that crosscorrelation between the Rayleigh and any
higher mode is an order of magnitude larger than the autocorrelation of

tnat higher mode. The nonstationarity due to decay of the leaking modes

E_ — e A S - g = Wgw S
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is not believed to have caused a problem. Attention, therefore, was given
to eliminating coupling between modes.
Before proceeding to discuss the elimination of crosscoupling, it is
worthwhile to point out that there is a technique by which filters could
have been designed using the correlations computed from the total sels-
mograms, as was originally attempted. This is achieved by -omputing all
possible correlations for the seismograms from the channels to which the
filters are to be appiied. None of these correlations can be considered
redundant. However, design of filters in this manner would have been
rather fruitless because of the strong coupling between mcdes. The fllter
vz5ign would have made use of the crosscoupling to achieve excellent
rejection of the interfering modes when applied to the set of channels
from which +he correlations had been computed. For another set of
identically spaced chanrels, the coupling between modes is different and
the mode separation wotld have been very poor. Thus, a set of filters
would be needed for each output channel.
The coupling between modes can be eliminated by ensemble averaging;
i.e., the autocorrelations for all receivers can be averaged, the crosscorre-
lations for all receiver pairs with unit separation can be averaged, etc.
Alternatively, in practice, one can choose fixed pairs of recelvers and
average the corresponding crosscorrelations for events from a number of
sources at various locations. These processes were s imulated as follows.
Each individual theoretical mode was correlated at the distances indicated. The
individual mode correlations then were summed to produce a left-hand matri;
(consisting again of 12 nonredundant correlations) with no correlation coupling.

These are shown In Figure G.

!
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It should be noted that these correlation functions show much more
transient behavior than the functions with crosscoupling.

Figure 10 shows the PL_,, correlations used to form the right-hand

21
matrix for the filter design. The sampling interval of the total :eismograms
is 1 usec; since the seismograms contain no frequencies above 250 ke, the
correlations may be resampled at 2 usec and the filters designed at 2-usec
sampliny intervals without frequency aliasing. From the left-hand matrix

of correlations shown in Figure 9 and the right-hand matrix of correlations
shown in Figurc 10 a set of 61-point filters (with 2 usec sampling interval)

was designed to estimate PL It should be noted that the left-hand

21’
matrix may be used for all sets of mode separation filters and need be
computed but once. The desired output mode then is determined by the
right~hand matrix.

The fact that the correlations show strongly transient behavior with
most of the energy moving across the correlation set with approximately
Rayleigh velocity makes it possible to design an even shorter filter rnerator
(31 points) by using only the significant part of the correlations. This
is achieved by shifting the origina! seismograms to a reference velocity
to line up the Rayleigh pulse before computing the correlations. The
filters designed in this manner must be applied, of course, to the shifted
seismograms. (A similar technique was found to reduce the truncation
error when applied to the filters designed in the frequency domain.) The
short filter operators (31 points)were designed for PL21, PL22, LY and
"12'
in the frequency domain, the 61-point filters and the 31-point filters designed in

Figure 11 shows for comparison the 400-point filter operztors designed

the time domain for the mode PL?, Figure 12 shows the 3l-point filters designed

in the time domain for the modes PL22, "21 and "12'
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The behavior of the filter operators is obviously non-physical, since
the impulse responses yield significant output before time zero (time of
input). This is typical for multichannel systems operating on propagating
disturbances, but is no limitation since the filters can be realized
digitally in the computer or with anaiogue equipment simply by introducing
sufficient delay into the operators. More important is the fact that the
filters, particularly those designed in the time domain, show approximately
transient behavior. The 31 point operators fo- PL21 closely approximate
the significant portions of the corresponding 61 point filters. However,
there is seen to be significant difference between the filters designed
in the time domain and those designea in the frequency domain. In any
case one could not have predicted a priori the shape of the desired filter
operators. The various channels are being stacked with frequency dependent

weights to 'buck out' some modes whil: passing the signal.

B. Filter Response in Frequency and Wavenumber of the 9 Channel
Mode Separation Filters

The filter response in f {frequency) and k (wavenumber) was computed
to determine the rejection capabilities of the multichannel fiiters designed
in the time domain. The responses of the multichannel filters deiigned
to estimate PL21, PL22, M,) and M,, are shown in Figures 13 through 16,
respectively. Each contour represents a range of 6-db rejection
and has been normalized to the largest value of power in the f-k response.
The filters attempt primarily to reject the Rayleigh mode but, in every case,
interfering higher modes are adequately rejected. For PL21’ it is seen that

the filter system acts as a high-cut frequency filter followed by a system
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which rejects only the Rayleigh mode, which agrees with the known require-
ments of the probiem.
In a similar manner the f-k response of the filter set designed in

the frequency domain to separate PL , Was computed and is shown in Figure

2
17. The response has been normalized to the largest value of pover in

the f, k response. Because only a very smali amount of random noise has
been included (45 db down from the Rayleigh mode) in the signal-noise
specification, the set of filters may have very high response in areas

not containing coherent modal energy. The zero db reference lies in this
area. Thus in oider to recover the desired signal with unit gain, the set
of filters should be scaled up by an appropriate factor.

In some regions of frequency the signals may be so small that they
can never be completely recovered; an example of thls is PL21 between
50 kc and 110 kec.

A somewhat better picture of the response for one of these processors
is shown in Figure 18. Here the response of v1e filters intended to
estimate H12 has been plotted versus wave-number at two separate
frequencies. For each frequency the wavenumber location of the signal and
noise modes has been indicated. Also relative output levels of the signal
and noise are shown, based on the processor response and the known input
levels. The best indication of the processor performance '3 the way in

which M_, and M, are rejected. These modes lle very close to M., in

22 21 12
wavenumber, and have about the same power levels. Increased rejection would
require a larger array.

A comparison of the rejection capabilities of the short 3l-point

fliters designed in the time domain and the rejection capabilities of the
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tonger 400-point filters designed in the frequency domain shows that the
filters designed in t e time domain have equal and in some caies better
rejection capabilities than the frequency filters even though they are
much shorter. By this means mode separation filters much shorter than
originally had been anticipated were used to effect a considerable
reduction in computer time cost, both in the filter design and in the

mul tichannel application of the filters to obtain the ceparated modes.

C. Application of 9 Channel Mode Separation Filters to Theoretical

and Experimental Seismograms

Figures 19 through 27 show the results of epplying the mode separation
filters to the theoretical seismograms. The top trace is the total
theoretical seismogram and the bottom trace is the individual theoretical
mode which is being estimated. The estimated modes then are shown in
the intermediate traces. The low-gain traces give a visual estimate of input
signal-to-noise ratio. In Figures 19 through 22, the output location is
at 54 cm while, in Figures 23 through 26, the output location is at 62 cm.
To determine the dispersion curves, it is necessary to obtain separated
modes to at least two output distances.

A comparison of the separated PLel mode using 400-point filters
designed in the frequency domain and 31-point filters designed in the time
domain is shown in Figure 19. The high-frequency noise seen on the early
portion of the mode separated by application of filters designed in the
frequency domain is produced in the multichannel convolution process
because of the sizable jumps at the truncation points of the filters

as discussed in paragraph A. This noise is, to a rough approximation,
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just the result :f operating on the Rayleigh wave with a step function
operator of appropriate height. The separation using the filters designed
in the time domain is much better. This is particularly remarkable since
the frequency domain filters are almost seven times as long, timewise, as
the time domain filters and have 13 times as many points. The time domain
filters, with 2 usec sampling, are applied to the seismograms, with 1 usec
sampling, by operating only on alternate points of the seismograms. A
compar ison of the PL2l mode separation results from the theoretical
seismograms using the 61-point and the 31-point time domain filters showed
no significant differences for the two output distances. Ii should be
noted that none of the filters--long or short time domain, or frequency
domain--is able to recover the highly attenuated portion of PL21 above

50 kc.

The separation of PL_. in the frequency range O to >0 kc where the

2l
peak power is concentrated may not be considered an adequate test of the
mode separation method since only one mode--the Rayleigh mode--is present
to be rejected. Separations of other modes are just as successful.
Figures 20 to 22 show similar results for PL?2, "21’ and "12'
Note that the H21 and H12 modes overlap the dominant Rayleigh pulse
in arrival time and frequency, so the degree of separation is remarkable.
The energy following the main PL22 wave train is residual! Rayleigh energy.
Figures 27 and 28 show the results of applying the mode separation
filters to the experimental seismograms obtained from the analog model

H-1. The top trace in both figures is the experimental seismogram trace

followed by the separated PL22, "21’ and H12 modes. The output location
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in Figure 27 is 54 cm and, in Figure 28, it is 62 cm. Mode separation
was performed using the 3l-point time domain filters. Note that for
HQl and H12

all three modes is greater than for the separation using the theoretical

dispersion is visually apparent. The separation error for

seismograms, but this is to be expected because the filters were designed
using a theoretical model. The burst of noise following the PL22 wave

train is relatively large but can be eliminated in the dispersion calcu-
lations by simple time truncation, It may be noted that the separc: on
filter: have overcomne gain differences of up to 20 percent in the experimental

seismograms.

VI. The 6 Channel Two Component Processor

A. Design of Filter Operators

A second mode separation processor was designed to use data recorded
on two component seismometers located at three sites in an inline array.
Only the inline component of horizontal motion is required. In actual
practice it may be necessary to rotate the horizontal components to
produce an inline and a transverse trace. Another difficulty which may
be encountered in practice is that the horizontal and vertical instruments
may have different response characteristics. A possible solution to
this problem may be the use of a triaxial instrument, in which case
rotation must be performed on all three components. No such difficulty
is encountered with the analog model data in the present study since the
same receiver, a shear mode piezo-electric transducer, was used to measure

both components of motion.
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The mode separat ""lters were designed in the cime domain using
correlation statistics computed in the same manner as for the 9 channel
processor discussed above. The matrix of correlations is shown in
Figure 29. There is obviously no dispersion between two components at
a single spatial location. However, there is a 1900 phase shift between
these components for the normal modes and a frequency dependent phase
shift for the leaking modes. In addition the excitation functions are
different for the horizontal and vertical components. Here it has been
assumed that the source and receiver array are both on the surface.
However, the excitation functions depend on source depth, so to 4design
filters applicable to sources at depth, one must have at least a rough
idea of the correct source depth. No attempt has been made to do
this here.

The filters designed for the two component array are shown in
Figure 30. Channels 1 to 3 ar: convolved with the three vertical
sei smometer outputs, while channels 4 to 6 are convolved with the
horizontals. Then the filtered cutputs are summed to give an estimate
of the desired mode. Acain the relative utilization of each channel
changes with frequency and the mode being estimated.

The performance of this six channel processor was not expected
to equal that of the nine charnel processor simply because ¢, the fewer
channels used. However, it is difficult to adequately reprezert the 6
channe! response. Because of the use of two components, it is no longer
valid to compute simple frequency ~avenumber spectra. One might

represent the response as a function of frequency and mode number, though
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this has not been attempted here. Also the analog of the 'unit cell"

in frequency and wavenumber is not as well defined here. Certainly the
use of two components will help offset the problem of aliasing due to
large distances between recording sites, but on the other hand, there will
be frequencies at which the relation between the horizontal and vertical
component is very similer for two modes (See Figure 31.). This will
correspond to an alias in mode number. The representation of the response

of multicomponent processors bears additicnal study.

B. Anplication of 6 Channel Processor
The 6 channel, twe component processor was applied to bcth the
theoretical, and experimental analog model seismoyrams to separate PL22

and M The results are shown in Figures 32 and 33. The separations

21°
are not so good as those obtalined with the 9 channel system, but are
still quite adequate for the theoretical data. The present processor is less

able to distinguish between Hll’ Hl2’ and M At higher frequencies the

21"
horizontai-vertical relations are quite similar for these modes, since the
the sign of the 90° phase shift is the same for the Rayleigh mode and the

shear modes.

The results obtained by applying the 6 channel filters to the
experimental data (Figure 33) are very poor for M, - Since the 5
channel processor is able to extract the correct Information from the
vertical seismograms, one would surmise that the experimental hor!zontal
data Is bad. The probable cause of this has bheen traced to the finite
size of the analogue model receivii.g transducer (1 mm X 3 mm). When

the vertical seismograms are being recorded the ampiitude is actually
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averaged over the depth range O = 3 mm. Fortunately this caused no
major problem as can be seen from Figure 34 where this average for M21
and Mll i~ plotted, along with the surface amplitude, as a function of
frequency. When recording thz horizontal component, the amplitude is
averaged only over the depth range O - 1 mm. However, the horizontal
component is much more sensitive to averaging as is seen in Figure 35.
The net result is tu strongly affect the vertical=horizontal ratio
(Figure 36), so that the data does not at all satisfy the model used to
design the filter system (compare with Figure 31). The Rayleigh wave
ratio in particular, is strongly altered, above 100 kc, and actually
crosses the surface H2l ratio used In the design of the filters. The
ratio for the averagad "?l has the same general shape as the surface
ratio, but the notch is moved to higher frequency. In addition, this
ratio is smaller at high frequencies. Though no curves are shcwn for
PL22, it is known to be less affected by averaging over the receiver
depth.*

In recording real data this particular problem does not occur,
since the receivers are usually placed on the surface and are very
small in size compared to one wavelength. However, if one attempts to
design filter systems applicable to events from sources at a range of
depths, an analogous problen arises. Averaging over an ensemble of source

depths tends to eliminate the correlation between horizontal and

*For any of the modes horizontal averaging (over 1 mm for vertical
motion and 3 mm for horizontal motion) corresponds to simple wavenumber
filter:ng. These effects can be readily evaluated and have been shown
to offer no problems in the present frequency range.
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vertical components of motion. Thus, in practice one would probably
have to design several filter systems, each appropriate to a small

range of source depths.

C. Dispersion Obtained From the Separated Modes

Figure 37 shows the dispersion obtained from the separated modes
using the 9 channel mode separation filters operating on the theoretical
seismograms. The dispersion was calculated by taxing the crcsscorrelation
of the separated modes, multiplying by the Hanning time window {See Tukey
and Blackinan, 1959.) and then taking the Fourier transform of the product.
The phase of the transform is used to compute the phase velocity. The
agreement with theory is satisfactory, except at very low frequencies.
However, one would not expect the results to be completely satisfactory
at frequencies whose periods are of tne order of magnitude of the length
of the fiiter impulse response, i.e., pelow 20 kcps. In addition. the
results were poor for the leaking modes in the frequency regions where
their attenuation i« high. The signals were simply oo small to be
recovered here.

Figure 38 shows the dispersion obtained from the separated modes
using the time domain filters and the experimental seismograms. The
results are very good and should not agree necessarily with the theoretica!l
curves since it is known that the model material velocities are somewhat
different from the velocities used to compute the theoretical curves.

Very good dispersion curves have been obtained for the PL22 mode and also
for the "21 and H12 odes. It should be noted that the ”21 mode has been
separated effectively from the dominant R.yleigh mode wherz the two overlap

in frequency and arrival time. This result cannot be achieved by any 1~
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or 2-channel methou. The PL22 result is better than any previously obtained
for this analog model. It is felt that previous 2-channel estimates
failed because there are many tmall imperfections in the model (such as
wcak points in the L 1d) which tend to make the signals at any pair of
traces look very noisy relotive to those in a perfect model. However,
tt : mode separation filters operating on nine channels are able to extract
meaningful information while rejecting this noise. This seems to substantiate
the idea that average dispersion characteristics can be recovered from earth
models with imperfections.

Similar results were obtained using the U channel, 2 component processor.
The dispersion results obtained by operating on the theoretical seismograms
are shown in Figure 39, while the experimental results are shown in Figure 4O.
In neither case are the results as good as the 9 channel results. However,
the dispersion curves obtaired are generally satisfactory except Tor the
experimental "21’ whizh is not shown. The theoretical results show adequate
teparaticn between the shear modes and Rayieigh mode except near 160 to 250
kc. As previously mentioned this area is almost an alias point in mode
nunber for the horizontal-vertical relationship and the only basis for

sepzration is the three channel frequencv-wavanumber relationship.

VII. Discussion

The preceding paragraphs have discussed in some detaii the design
and application of two multichannel processors. The 9 chanuel system,
utilizing only the frequency-wavenumber representation of the dispersive
modes, has been shown to be very effective. However, the array used is

much larger than most reai arrays now in use, scaling to _.J km length
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for the real eariin. The 6 channel processor, making use of the relations
between components of displacement as well as the frequency-wavenumber
relation, is not quite so effective, but is more realistic. This array
corresponds roughly to three standard earthquake stations, with multi-
component sensors, spaced over a total! distance of 120 km. In both

cases the present stuldy has been aimed at long period data (scaling tc

the period range 20-20 sec.). Use of higher frequency lata is feasible, but
more channels and smaller spacing will be required since more modes will be
present. At 1 cps on a 40 km crust, one might expect 8 or more normal modes.
The smaller spacing is required to overcome the aliasing problem at higher
frequencies. All these difficulties should be overcome by installations

such as the Large Aperture Seismic Array in Montana,

One problem not toucazd upon is the question of how one determines
the appropriate signal and noise model used to design the multichannel
processor. In the present case the correlations and cross pov.er spectra
were theoretically computed for a known physical model. This method can
be used in practice if a rough approximation to the earth structure is
known. Such an approximation can be obtained from refraction seismograms,
from approximate dispersion curves obtained in the steadard manner, or
from direct frequency-wavenumber spectra of signals or ambient noise. In
using this method one should allow for error in his model by averaging over
an encemble of possible theoretical models.

On the oth: hand, the appropriate correlation or cross power statistics
can be computed directly from experimental data for a large number of events.
Averaging over many events has been shown in the present study to be quite

impor tant, since this tends to eliminate spatial non-stationarity due to
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intermodal corre'ation. Averaging cver pairs of receivers with the same
spacing will also tend to decrease equalization problems. This method
yields the totai correlation or cross power matrix, but other methods

must be used to obtain the signal correlation or cross power between the
input channels and the output channels. This can be computed theoretically
as above, or one miyht attempt to find an event at a depth such that a
particular cesired mode was strongiy excited, so that the statistics

could be computed directly.

VIII. Acknowledgment

The work described in this paper was supported by the Air Force
Office of Scientific Research under contract AF 49(638)-124k, 1In
addition, we wish to acknowledge the heipful discussions with Dr. M. Backus

and Dr. W. Schneider during the early phases of this work.




REFERENCES

Anderson, D., 1964, Universal dispersion tables, I. Love waves across
continents and oceans on a spherica® earth: Bull. Seism. Soc.
Am., v. 54, pp 681-726.

Laster, S., J. Foreman, and F. Linville, 1965, Theoretical investigation
of modal seismograms for a layer over a half-space: Geophysics
V. 30, no. uo

Tukey, J. and R. Blackman, 1959: The measurement of power spectra from
the point of view of conmunications engineering, Dover, New York,
New York.

Lo = = soueaind oo e == O ——— —_——r By g o v Ty

i

»
]
|

i

hY
]
i




(R F ity

LY

l«muummuﬂ5

mww

Wi

(il
W

Figure

FIGURE CAPTIUNS

Title
Dispersion Curves for the Dominant Leaking Modes and for Normal
Modes in Model K-1.
Relative Power Spectra of Leaking ar-< Normal Modes at 50 cm
Distance from Source.
Theoreticai Hodes and Summstions at S4 cm.
Experimental Vertical Seismograms Obtained fron Analog Model
H-l. The Distance Range Is 50 to 70 cm. Small Timing Lines
Represent 10 uSec.
Dispersion Obtained from the Experimental Seismograms by Time
Partitioning Traces at 50 and 60 cm. The Theoretical Phase
Velocity Curves Are Shown for Reference.
A Set of Multichannel Filters 1Is Designed to Separate One Mode.
Each Channel Is Convolved with the Appropriate Seismogram Trace.
Each Set of Nine Filtered Outputs Is Summed to Give an Qutput
Trace Which Is the Estimate of the Separated Mode.
Location of the Theoretical Modes in Frequency and Wavenumber.
The Multichannel Filters Are Designed to Pass or Reject the Band
Shown for Zach Mode.
Correlation Functions of the Total Theoretical Seismogram. A
Comparison with Figure 9 Shows the Effect of Cross Coupling Between
the Individual Modes and the Dominant Rayleigh Hode.
Correlation Functions of the Individual Theoretical Modes Were

Computed and Then Stacked to Eliminate the Effect of Cross Coupling.
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Figure

10

11

12

13

14

15

16

17

18

19

Title
Correlation Functions of the PL?l Mode. This Set of 9 Corre-
lations Is Used to Form the Right-Hand Matrix for Multich-nnel
Filter Design in the Time Domain.

PLQl Mode Separation Filters. On the Left Are the 400-Point

Filters Designed in the Frequency Domain. In the Center Are the
61-Point Filters Designed in the Time Domain. On the Right Are
the 31-~Point Filters Designed in the Time Domain.

The 9-Channel, 31-Point Filters Designed in the Time Domain to

Separat> the Mndes PL22, "21’ and le.

fk Response of the 9-Channel Mode Separation Filters, PL2l

Signal (61-Point Filters Designed in the Time Domain).
fk Response of the 9-Channel Mode Separation Filters, Pi.z,,J
Signal (31-Point Filters Designed in the Time Domain).

fk Response of the O-Cha.nel Mode Separation Filters, "21

Signal (31-Point Filters Designed in the Time Domain).

fk Response of the 9-Channel Mode Separation Filters, Signal

Mo
(31-Point Filters Designed in the Time Domain).

fk Response of the 9-Channel Mode Separation Filters, PL2l

Signal (400-Point Filters Designed in the Frequency Domain).
Filter Response and Relative Input and Output Levels of Signal

and Noise for M._. at Frequencies 133 and 2 7 kc.

12

PL., Mode Separation Results from the Theoretical Seismograms.

21
The Output Location Is at Sk cm. Time In uSec.

PL.. Mode Separation Results from the Theoretical Seismograms.

22
The Output Location Is at 5% cm. Time in uSec.
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Figure Title
21 "21 Mode Separation Results from the Theoretical Seismograms. The
Output Location Is at 5S4 cm. Time in uSec.
22 ng Mode Separation Results from the Theoretical Seismograms.
The Qutput Locatlon Is at 54 cm. Time In uSec.
23 FL2l Mode Separation Results from the Theoretical Seismograms.
The Qutput Location Is at 62 cm. Time in uSec.

i

24 PL22 Mode Separation Results from the Theoretical Seismograms.

The Output Locaiion Is at 62 cm. Time in j:Sec.

WM

25 "21 Mode Separation Results from the Theoretical Seismocrams.
¥ The OQutput Location Is at 62 cm. Time in uSec.
3
= 26 "12 Mode Separation Results from the Theoretical Se!smograms.

The Output Location Is at 62 cm. Time in uSec.

Hiiiany

- 27 PL22, "21 and ng Mode Separation Results from the Experimental

% Seismograms Using the 31-Point Filters Designed in the Time

3 Domain., The Output Location Is at 54 cm. Time in uSec.

b 28 PL22’ Moy and Mo Mode Separation Results from the Expsrimental

i Seismograms Using the 31-Point Filters Designed in the Time Domain.

The Qutput Location Is at 62 cm. Time in pSec.
29 Correlation Functions to Form the Signal Plus Nolse Matrix fer
Multichannel Filter Design in the Time Domain. The 6 Channels

Are the Verticals and Horizontals at Three Spatial Locations.

30 The 6-Channel, 31-Point Filters Designed In the Time Domain to
Separate the PL22 and H2l Modes.
31 Horizonta!’'Vertical Amplitude Ratlos of the Normal Modes.,
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Dispersion Obtained from the Modes PL22 and M21 Separated by
Applying the 6-Channel Multichannel Filters to the Theoretical
Seismograms. The Theoretical Phase Velocity Curves Are Shown
for Reference.

Dispersion Obtained from the PL_.. Mode Separated by Applying

22
the 6-Channel Multichannel Filters to the Expetimental

Seismograms. The Theoretical Phase Velocity Curves Are

Shown for Reference. The M.. Results (Not Shown) Were

2l
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Figure

32

33

34

35

36

37

38

PL22 and "21 Mode Separatlon Results from the Theoretlcal
Selsmograms Using the 6-Channel, 31-Polnt Filters.

PL22 and H21 Mode Separatlon Results from the Experimental
Selsmograms Using the 6-Channel, 31-Point Filters.

Theoretlcal Frcguency Dependence of Vertical Ampiltude as

It Would Be Observed at the Surface (Solid Curves) and as

It Would Be Observed by Averaging Over the Receiver Depth
Range O - 3 mm (Open Clrcles).

Theoretical Frequency Dependence of Herizontal Amplitude

as It Would Be Observed at the Surface (Solid Curves) and

as It Would Be Observed by Averaging Over the Receiver

Depth Range O - 1 mm {Open Circles).

Theoretical Frequency Dependence of Ratio of Average Horizontal
Displacement (0O - 1 mm) to Average Vertlcal Dlsplacement

(0 - 3mm). Compare With Figure 31.

21* Plogr My 2nd Myp
Separated by Applying the 9-Channel, 31-Polnt Multichannel

Dispersion Obtalned from the Modes PL

Filters Designed in the Time Domaln to the Theoretica!l
Seismograms. The Theoretlcal Phase Velocity Curves Are Shéwn

For Reference.

Dispersion Obtained from the Modes PL22, "21’ and le Separated
by Applying the 9-Channel, 3i-Point Multlchannel Flliters Designed
in the Time Domain to the Experimental Seismograms. The

Theoretlcal Phase Velocity Curves Are Shown for Reference.
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